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Abstract

This paperanalyzegronth andwelfareeffectsof incometaxationin astochastic
endogenougrovth modelwith externalitiesin human—capitahccumulation. The
governmentparticipatesin individual incomerisks by the collection of a flat—rate
incometax thataffectsthe meanandthe varianceof aftertaxincome.We examine
the implicationsof a tax—transfempolicy for the macroeconomiequilibrium of the
economyAn increasen thetaxrateon meanincomehasanunambiguouslyegative
effectontheexpectedgrowth rate. Paradoxicallythis mayinducewelfaregains.The
oppositeresultscanbe derived for arisein thetax rateon transitoryincome. These
counterintuitive resultsof the stochasticArrow—Romermodel can be ascribedto
the specificinteractionof consumptiorandportfolio choicein the determinatiorof
growth andwelfare.

Kurzfassung

In diesemBeitragwerdendie Wachstums-undWohlfahrtsefekte einerEinkom-
mensbesteuerungn RahmeneinesstochastischeWachstumsmodellanalysiert.
Eine Humankapitaleternaligit in der Produktionfiihrt zu anhaltendenwachstum.
Die lineare Einkommensteuereduziertsovohl den Erwartungswertals auchdie
VarianzdesverfugbarerEinkommens so dal3der StaateinenTeil desProduktion-
srisikos Ubernimmt.Wir untersuchemlie AuswirkungeneinesSteuerTransferSys-
temsauf dasmakrotlonomischeGleichgavicht. Eine Erh6hungdes Steuersatzes
auf deterministischeeinkommenreduzierteindeutigdie Wachstumsratekann je-
doch paradorrweise zu Wohlfahrtsgainnen fliihren. Im Gegensatzdazu kann
die BesteuerungstochastischeEinkommensteiletrotz gestiggenerWachstumsrate
WohlfahrtserlusteverursachenDiesekontra—intuitven Ergebnissdassensich auf
dasZusammenwirknvon Konsum-und Portfoliovahl zurckfihren.



1 Introduction

This paperis concernedwith the linkage of uncertainty growth, and income taxation
within the context of a dynamicgeneralequilibrium model. The analysisis basedon
Stiglitz (1969), who found that incometaxationunderuncertaintytendsto smooththe
intertemporaincomeflow. For thatreasona lump—sumtax is not necessarilyntertem-
porally optimal. This resultcontradictsthe outcomedor the deterministicsetting,e. g.
Chamlg (1986),who claimsthat a first—bestoptimum canonly be achieved with non—
distortionarytaxation. In particular in thelong run the tax rateon capitalincomehasto
be zero. This conclusionis supportedoy recentwork on taxationin endogenougrowth
models,e. g. Lucas(1990),King andRebelo(1990),Rebelo(1991)or JonesManuelli,
andRossi(1993ap; 1997). In contrastto this, underuncertaintythe governmentmay
participatein the stochastiancomegainsandlosses,as presentedn Eatonand Rosen
(1980), Abel (1988)and Mazur (1989). With an appropriatentertemporakax—transfer
policy, it is possibleto spreadthe excessburdenacrosstime. This propertyof taxation
wasalreadydiscussedy Eaton(1981),Zhu (1992)and Smith (1996)within the theory
of stochastigrowth or by BizerandJudd(1989)in a generalequilibriummodel,aswell
asby Kimball andMankiw (1989)for the caseof heterogenouagents.

In theeconomic®f uncertaintytwo majortypesof incomerisk areto bedistinguished:
idiosyncraticandaggreateincomerisks. In theabsencef informationalasymmetrieghe
individual—-specifiaisks canbe sharedvia privatearrangementdpr examplewithin in-
suranceor capitalmarkets. Contraryto this, aggreyateincomerisks cannotbe diversified
completelywithin nationalboundaries.A risk averseindividual will respondto uncer
tainty by herintertemporakavzings andconsumptiordecision.In the presencef capital
markets,the agentmay have a motive for precautionarsaving to self-insureagainstfu-
tureincomerisk. This aspectwasfirst discussedy Leland(1968)and Sandmo(1970),
or morerecentlyby Caballero(1990), Weil (1993)andvan der Plogy (1993). Another
meansto smoothlifetime consumptions a tax—transfempolicy, which itself impactson
the intertemporallyoptimal decision,asdescribedabore. The interdependencketween
uncertaintysavingsandtaxationgainsa broadeiinterpretationf it is discussedvithin the
theoryof endogenougrowth.

In moderngrowth theory thegrowth rateof theeconomyis endogenouslgetermined
by individual intertemporaloptimization. For sufficiently risk averseagentsa decrease
in risk leadsto a decreasén (precautionarysavings andthuslowersthe endogenously
determinedyrowth rate.As aconsequencéwo oppositewelfareeffectscanbeidentified:
Thedecreas@n uncertaintyinducesa positive primarywelfareeffect, whereasa decrease
in thegrowth ratehasawelfarediminishingsecondareffect. It is possiblethatthesecond
effectoutweighghefirst, andconsequentlyhe agentmay suffer welfarelossesalthough
the economyhasbecomdessrisky. This outcomecontradictgshe commonintuition that
arisk averseindividual always prefersa saferervironmentto a riskier one. It wasfirst
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discussediy Devereuxand Smith (1994) and Femminis(1995). The contributions of

GreenvwodandJovanovic (1990),0bstfeld(1994)andvan Wincoop(1994)discussgisk

sharingin modelsof endogenougrowth. They unanimouslyfind positve net welfare
effects. Thisresultcanbederivedwithin asettingof intertemporabptimizationthatleads
to competitve equilibriathatareidenticalto the Pareto—optimaallocationof abeneolent
socialplanner In particular the authorsconsideredhelinear, AK—type technologyasin

JonesandManuelli (1990).

Theunambiguityof welfareeffectsvanishesf oneallowsfor the classof endogenous
growth modelswith positive externaleffectsin humancapitalaccumulatiorasin Romer
(1986).In thistypeof modeltheindividual neglectsherown contrikbutionto theaggreate
capitalstock. The stockof knowledgeis regardedasa constanin individual optimization
and the private mamginal productof capital falls short of the social return. Thus, the
competitvely chosengrowth rate of the economyis lessthanthe Pareto—optimabne. If
we applytheargumentfrom above, thefollowing resultscanbestated:A decreasen risk
reducessavings and drives the suboptimallylow competitve growth rate further away
from theoptimalone. This givesriseto asituationwherethewelfareenhancingffectsof
alessrisky ervironmentareoutweighedoy thewelfarediminishingeffectsof areduction
in the expectedgrowth rate,aswasshavn in ClemensandSoretz(1997).

In this contet, the resultsregardingthe intertemporakax—transfempolicy described
above have to be reexamined. It is questionablewhetherthe insuranceeffect of fiscal
policy leadsto welfaregainsfor this classof models.

Our paperis relatedto a recentcontritution by Smith (1996), who useda setting
quitesimilarto oursbut did not consideitwo significantaspectsFirst, he neglectedabor
in production. Second,n his model, regular governmentexpenditureexhibits the same
stochasticcharacteristicsas tax receipts. Relaxingtheseassumptionsand allowing for
public debt,we arenotableto confirmhis resultswith regardto welfareeffectsor the op-
timal tax rate,respectrely. Our modelset—up constructegurposelyto easecomparison,
is closeto Eaton(1981)and Turnovsky (1993). In particular we considera differential
tax rateon the stochastianddeterministiccomponent®f income. We demonstratéhat
anincreasen thetax rateon meanincomeunambiguouslyeduceghe endogenouslyge-
terminedgrowth rate,but unexpectedlymayleadto welfaregains.Moreover, anincrease
in thetax rateon randomincomepartsincreasegrowth, but mayleadto welfarelosses.
Theseresultscontradictthe usualfindingsin the literatureof taxationunderuncertainty
in growing economies.

The paperis organizedasfollows. Section2 describeshe modelandtheresultsfrom
individual intertemporaloptimization. Section3 determineshe competitve macroeco-
nomic equilibrium, while section4 discussegirowth, portfolio, andwelfare effectsof a
changdan theincometax rates.Section6 briefly summarizesheresults.



2 TheModel

The economyis populatedby identical infinitely—lived individuals who maximizethe
intertemporabbjective

2(0) = Eo /O “ulc()]e P dt. (1)

Eo denoteghe mathematicaéxpectation conditionalontime 0 information,C(t) is time
t consumptione Pt representshe discountfactor with the instantaneousate of time
preference € (0,1). The currentperiodutility functionU[C(t)] is strictly concae and
takesthe constantelative risk aversion(CRRA) form

1 1-
UlC() ={ SO @

p denoteghe measuref relative risk aversionandequalsthe reciprocalof theintertem-
poralelasticityof substitutiont

The representatie firm producesa homogenougyood accordingto the stochastic
Cobb—-Douglagunction

dY(t) = yK(t)¥(L(t) At))1%(dt +dy(t)) ae (0,1),y>0. 3

LaborL is suppliednelasticallyandnormalizedo unity. K(t) is thestockof physicalcap-
ital. Usingthelearning—by—doingettingdevelopedby Arrow (1962),A(t) representthe
stockof knowledgeanddisplaysthe characteristicef a public good. It actsasa Harrod—
neutralgrowth parameterandis enhancedy investmentn physicalcapital. Following
Romer(1986),in equilibrium,A(t) equalsK(t), theeconomy-widestockof capital. Due
to the knowledgespillover, aggregateproductionis linearin capital, thusinducing on-
going growth. For simplicity, depreciations neglected. The Wienerprocesdy(t) is a
continuousstochastidMarkov processi. e.thedisturbancesareseriallyuncorrelatecind
dy ~ N(0,0?dt). In eachtime incrementthe productionis affectedby a Hicks—neutral
technologicalisturbance.

The governmentlevies a flat—-rateincometax on wageandcapitalincomes.The tax

ratest;, i = d,s aresetseparatelyasin Eaton(1981),in orderto disentangleghe effects
of taxationof deterministicandrandomincomeparts
dT(t) = YK (L) A®)** (ta dt +Tsdy(t)) T € (0,1). (4)

Furthermordhe agentgeceve a deterministictransferin a constanfraction® of wealth
W(t)
do(t) = OW(t) dt e (0,1). (5)

1The empiricaldifficulties concerningthe estimationof thesetwo parametersndthe resultingconse-
guencedor economicmodelingwill be neglectedin this paper For a comprehensie discussiorof non—
expectedutility models thereaderis referredto EpsteinandZin (1989)andWeil (1990).
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The governmentbalancests budgetby issuingbonds.Theindividual thushastwo ways
of saving income: investingin risky physicalcapitalor investingin financialcapitalthat
paysa surenominal interestrate? However, the market value of thesebondsB(t) is
stochasti@andreflectsthe randomdisturbancesn the economy WealthW(t) is the sum
of holdingsof thetwo assets

W(t) = B(t) +K(t), (6)
with the portfolio shareqg, nk, theinitial valuesk (0) = Ko, B(0) = ppbo andtheinitial
price p(0) = po. Thestochastigprocessefor therealratesof returndRg ,dRg onthetwo
asset@andthe stochastiavageprocessiR, aregivenby

dRk = rkdt+dz
dRg = rgdt+dzs (7)
dR. = wdt+dz.
Theexpectedratesof returnaredenotedy rg , rg andthewagerateby w respectely.
The objectve of therepresentatie agentis to selectherrateof consumptionaswell

asherportfolio of assetsin orderto maximizethe expectedvalueof lifetime utility over
aninfinite planninghorizonsubjectto the stochastiavealthaccumulatiorequation

max Eo/ U[C(t)] e Pldt (8)
C,nk,ng,W 0

s.t. dW=[(ngrg+nk(1—Ttg)rk +O)W+ (1—14) w—C|]dt+dw  (9)

and ng+nk=1 (20)

with Ko, bo, y(0) given,anddw = W (ngdzg + nk (1 — ts)dz« ) + (1 —1s)dz..

The valuefunctionV[W(t),t] denoteghe maximumfeasiblelevel of lifetime utility
if the individual startsin time t with wealthW(t). It is assumedo be time—separable
VW(t),t] = e PLG[W(t)]. To solve the optimizationproblemabove, onehasto consider
that the stochastigorocessof wealthis continuousbut not differentiablewith respecto
time. The stochastidifferential of the valuefunctionis derived by applicationof Itd’s
Lemmaandallows for the set—upof thefollowing Lagrangean

L = eBt{U (C)—BG+Gw[(ngrg+ Nk (1—Ttg)rk + )W+ (1 —19) w—C]

1
+§GWW05V+)\[1—nB—nK]} (11)
wherethe subscriptsdenotethe partial derivativesfor the respectre algumentandthe
2
varianceof wealthis givenby 63, = E(g‘t’v) :

2For simplicity, the bondsareconsideredo be perpetuities.
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Thefirst—orderconditionsaregivenby

0L ,

e = V(C)-Gw=0 (12)

L GureWt - cwa"w A=0 (13)
anB

aaTL = Gwrk(1-TgW+ waa"w A=0 (14)
K

0L

a—}\ = 1-nk—ng=0 (15)
0L 1 007,

W o GW(nBrB-i—nK(l—rd)rK-i—e—B)-i—é W (16)

+Gww [(Nere + Nk (1 —Tg)rk + )W+ (1 —19)0—C] + %wawcév.

Equation(12) displaysthe well known resultfrom intertemporaloptimizationof equal-
izedmamginal utility of consumptioracrosgdime. It determinesheaccumulatiorprocess
togetherwith (16). Equations(13) and (14) form the usualconsumerassetpricing re-

lationship. (16) replaceghe Bellmanequationwhich is commonlyusedin this kind of

model. Sincewe aredealingwith suboptimalcompetitve outcomesBellman’s Principle
of Optimality cannotbe appliedhere. A feasibleconsumptiorprogramj. e.corvergence
of lifetime utility (8), hasto satisfyatrans\ersalitycondition

lim E¢ [G(W) e—ﬁﬂ =0. (17)

This conditionis usuallymetif the propensityto consumeout of wealthis positive, as
shown in Merton (1969).

The optimal valuesfor consumptionand the portfolio sharesare functions of the
derivativesGy andGwy of thevaluefunctionandtogetherform a stochastidifferential
equationn G(W). To proceedafunctionG(W) hasto befoundthatsolvesthefirst—order
conditionsandthus maximizesthe stochastiantegral (8). We guessthatin equilibrium
consumptiorandwealthgrow at a commonrate. Hence,asMerton (1971),we assume
the consumption—wealthatio to be a constanfractionof wealth

C(t) = pW(1). (18)

Underthis assumptiorthefunctionalform of lifetime utility G(W) correspond$o current
period utility U(C). The propensityto consumeout of wealth, aswell asthe other
endogenousariablesareto be determinedn macroeconomiequilibrium.



3 Macroeconomic Equilibrium

Theresultsfrom individual optimizationof the preceedingectioncannow be employed
to determinethe overall macroeconomi@quilibrium. The parametergrom the utility
function p and 3, from the productionfunction a andy aswell asthe tax/transferpa-
rametergy, Ts and@ areexogenougo the system.Furthermorehe stochastiqrocessly
is exogenouswhile the stochastigprocessesor the real ratesof return, wealthandthe
wageprocessdzg,dzg,dw,dz have to be determined.The endogenouparametersare
rs,rk,w. In additionthe portfolio sharesthe consumption—wealthatio, the endogenous
growth rate,¢, theinitial marketvalueof bonds,andinitial wealthhave to bedetermined.

We assumeperfectcompetitionin the factor markets so that the wagerate andthe
rental rate on physicalcapital are given by the usualmaiginal productvity conditions.
Additionally, in equilibrium the stock of knowledgeequalsthe economy-widestock of
physicalcapitalandthe real pre—taxratesof returnare®

dR« = ay(dt+dy)
dR. = (1—a)yK(dt+dy).

To derive macroeconomiequilibriumconditions,it is necessaryo establisithe govern-
mentbudgetconstraint. Governmentdebtis the residualfrom the stochastidax receipts
andthe deterministictransferpayment. The market value of governmentbondsevolves
accordingto®

dB 0 Nk Nk

The market clearingconditiondK = dY — Cdt immediatelyleadsto the accumulation
equationof physicalcapital. The stockof physicalcapitalevolvesaccordingto

dK C
= [y— nK—W] dt +ydy (20)
anddetermineghe equilibriumstochastigrowth rateof theeconomy

It is reasonabléo assumehatportfolio sharegustaswell astheconsumption—wealth
ratio areconstanin equilibrium. The steadystateis thencharacterizethy non—stochastic
functionsC/W andng, nk of theunderlyingparametersAs will be demonstratethelow,
this statemenis equivalentto all assetgrowing atacommonrate. Constanyg of portfolio
sharegmpliesnot only thatK = nk W andB = ngW in the staticsensehut furthermore
dK = ngk dW anddB = ng dW. Hence,

dw _dK _dB
W K B’

3Theresultsfor the socialplannercansimply bederivedby settinga = 1.
“Notethatthereis no restrictionimposedon the sizeof the portfolio shareof governmenbonds.

(21)
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To solve for the equilibrium, we first considerthe stochasticcomponent®of the wealth
constrain{9) andtheaccumulatiorequationg19) and(20). Thestochasticomponentf
therealrateof returnon bondsis givenby

dzg = n—\;(nB-i- Tshk ) dy (22)

After this, a solutionfor the stochasticomponenbf thewealthaccumulatiorequationis
obtained
dw = yWdy. (23)

Fromthis canbe seenthatfinally all endogenoustochastiqrocessesaredrivenby the
singleexogenougproductvity shock. Thisis the only sourceof uncertaintyin the econ-
omy. Utilizing the propertiesof the stochasticprocessthe varianceof wealth can be
derived from the budgetconstraintand(23) as

2
E((;;N) — 02, = PaPW2. 24)

Theresultsobtainedsofar canbeusedto determingherealrateof returnon bonds.From
theconsumemssepricing relationship(13) and(14) andfrom (18) follows

T
rg = ay(1—1q) 4 py’c? (1—0)(1—T5)+n—; . (25)
Equation(25) displaysthe well-known resultfrom financetheory: The expectedreal
(aftertax) ratesof returnon physicalcapitalandbondsdiffer by the amountof the risk
premium,i. e.thesecondermontheright-handsideof (25). Therisk premiumis of neg-
ative signif capitalis theriskierassetandvice versa.Therelationshipfor therealinterest
rateon bondsis combinedwith theresultsfor the stochastigrocesse&dw, dzg, dz,dz ),
theguesq18),andthefirst—orderconditionon portfolio shareg15)andconsumptior(12)
to derive theconsumption—wealthatio from (16)
C B p-1

wo M= B‘i‘T[O‘V(l—Td)+9]+nKV(1—Td)(1—O‘)

+v202(%pﬂp—1>rs—<1—a><1—rs><1—pns>). (26)

The propensityto consumeout of wealthis a function of the parameter®f the model,
someof thema priori consideredconstantthe othersshovn to be constantin equilib-
rium. Consequentlythe consumption—wealthatio is alsoconstanin steadystate,aswe
conjecturedabore.

SThecovariance®f therealratesof returnareimplicitly containedn thefirst-orderconditions(13), (14)
and(16). They aregivenby cov[dw, dzg] = nfscz(ng + Nk Ts) dt andcov[dw, (1 —Ts)dz] = ay?c?(1—1s) dt.
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The relationfor optimum consumptiontogetherwith the wealth constraint(9) can
now be appliedto solve for wealthaccumulation.Taking expectationsallows for the de-
terminationof the expectedgrowth rate. Note thatdueto the propertiesof theunderlying
stochasticprocessE[dy] = 0. Hence,the term dw from (23) vanishes. The expected

growth rateof theeconomy = [ EIWV| is thengivenby

0= lay(1- 1)+ 0B+ (1ot ). @)

The expectedgrowth rateis the sumof a deterministicanda stochasticerm. From (27)
we concludethatthe expectedyrowth ratedeviatesfrom the growth rateof the determin-
istic Arrow—Romermodel® Additionally, second-ordeeffectsfrom the varianceof the
technologicabisturbancénave to betakeninto account.

The expectedgronth rateis determinecendogenouslanddepend®n thefactorsthat
affect aggregyate savings. Higher valuesof  imply lower savings and consequentla
lower growth rate. Additionally, the impactfrom transferpaymentsanbe learnedfrom
(27). A risein transferpaymentsncreaseshe meangrowth rate,asthedeterministigart
of incomeincreases.The analysisof a changein the tax parametergy andts andthe
impactof themeasuref relative risk aversion,p, capitalproductvity, a, andthevariance
of the technologicaldisturbances? on the expectedgrowth ratewill be deferredto the
next section.

Finally, the capitalshareof wealthandthe portfolio shareof governmentbondscan

bederived
o B—(1-p) (0~ 30¥'0?)
yia+ay(1—1q) — ¢ +py?0?(1—a)(1—1q)
andresiduallyng = 1— ng. Thedefinitionof nk andng allows for the determinatiorof
initial wealthandtheinitial market valueof bondsin termsof theinitial capitalstockKg
andtheendogenouslgeterminegortfolio shares

(28)

_Ko

=—, and B(O)—@
Nk

W(0) =0

Ko. (29)

Thelaw of motion of wealthis describedy a geometriadiffusionprocessi. e.wealthis
log—normallydistributedandfollows arandomwalk with positive drift. By 1td’s Lemma
timet wealth,startingfrom initial wealthw(0) attime 0, is givenby

W(t) = W(0) et~ 3Y20?) tyoly(t)-y(0)] (30)

6The growth rateof the deterministicsettingcorrespondshe the cases = 0.



4 Differential Tax Policy

The macroeconomiequilibrium determinedin the previous sectionis now subjectto
a comparatre dynamicanalysis. The main objectve is now, to examinewhetherthe
stochastianodelreplicatesthe main resultsfrom the theoryof taxationundercertainty
Following Chamley (1981,1986)andJudd(1985)thelong runtax rateon capitalincome
shouldbezero.Ontheotherhand,from DomarandMusgrave (1944)andStiglitz (1969),
we have the notion that taxationprovides somesort of insuranceagainstintertemporal
incomerisk. Our aim is now to analyzethe macroeconomieffectsof a differentialtax
policy. We demonstrat¢hatin the generalequilibriumcontext consideredere theques-
tion of taxincidences notatrivial one. Thecentralpointof interests whetheranincrease
in thetax ratescausesvelfaregainsor welfarelossesIn particular we derve ambiguous
welfareeffectsof taxation.Of importancan explainingthis resultwill betheinterdepen-
dencebetweertheattitudetowardsrisk, thetax parameterandthe capitalproductvity in
the determinatiorof the expectedgrowth rateandthe welfareof theeconomy

Recallingthe set—upof individual optimization(8), the maximizedvalue of lifetime
utility in theeconomystartingfrom initial wealthW(0) = r'](—lf is givenby

I il S
1-p B—(1-p) (¢ - 3py20?)

From(31)it is obviousthatthekey wayin which taxesimpacton theeconomyis through
consumptiorandportfolio choiceandthegrowth rate,respectiely. Ceterisparibus,arise
in thepropensityto consumeswell asin the expectedgrowth rateinduceswelfaregains.
In contrastto this, arise in the portfolio shareof capitalcausesvelfarelossesdueto a
simultaneoudall in the endogenouslyleterminednarket value of the stockof financial
wealth (29). The mamginal propensityto consumeout of wealth,the portfolio sharesas
well asthegrowth ratedependnthetax rates.Consequentlyfor eachvariablethe partial
derivative with respecto thetax ratehasto bedetermined.

G[W(Ko), 0]

(31)

Proposition 1 (Growth Effects) Arisein thetaxrateonmeanincomeleadsto a decline

in expectedgrowth. A rise in thetax rateon randomincomepartsincreaseghe expected
growthrate

o 1

T —Bay<0 (32)
o 2

. = ay?c® >0 (33)

As labor is inelastically supplied,only the effects on capital accumulationhave to be
considered. The negative growth effect in (32) can be explainedasfollows: The real
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after-taxrateof returnon physicalcapitalis reducedcausingphysicalcapitalto be less
attractve. In this casethe distortionaryimpactof a flat—rateincometax on intertemporal
allocationcanbe obsered. The changeof the growth rateis equalto the changen the

interestratemultiplied by the elasticityof intertemporakubstitution.

Contraryto this,anincreasef 1s stimulateggrowth, becaus& changesheriskinessof
disposablencome.In particular it reduceghe varianceof returnon capital,whereagshe
expectedreturnremainsunchangedIn termsof Rothschildand Stiglitz (1970),taxation
of transitoryincomesdisplaysthe characteristiof aninvertedmeanpreservingspread.
This resultreflectsthe introductorystatementhat taxationprovidesa sort of insurance.
Governmeniparticipatesn incomerisk andphysicalcapitalbecomesnoreattractve.’

The changen optimalportfolio choicewith respecto thetax ratesis givenby?

e Tplayme— YNk a
oy {D}

onk _ ay’o?(p—1)ng+ py?o®nk (35)
ots {D}

with {D} = ytg +ay(1—1q) — ¢ + py?c?(1—a)(1—1q). In thefollowing, all results
derivedfor theportfolio shareof physicalcapitalapplyto financialwealthng with opposite
sign.

Proposition 2 (Portfolio Effects|) Theportfolio share of physicalcapital decreasegin-
creasesith arise in thetax rate on permanenttransitory)income if the coeficientof
relativerisk aversionor ng are suficientlyhigh:

ang

aTd

6n|(

<0

plvmk>1l = { (36)

Whetherthe portfolio shareof physicalcapitalriseswith a changen the differentialtax
ratesfirst of all dependson the attitude towardsrisk being greateror lessthan unity.
Second,it is of importancewhetherthe agentsare net lendersor net borroversto the
state,i. e. whetherthe portfolio shareof capitalfalls shortof or exceedsunity, sincewe
have imposedno restrictionson the portfolio shareof governmentonds.

With anindex of relative risk aversionsufficiently high (p > 1), the portfolio shareof
capitaldecreasewith arisein thetax rateon meanincomety andincreasesvith thetax

"With a uniform tax rate,the growth diminishingeffect of taxationwould outweighthe growth enhanc-
ing effectof arisein thetax rateonly if 1/p > yo?. This conditionensureghatthe certaintyequivalentof
portfolio returnis of positive sign.

8Thedenominatof{ D} of nk in (28) hasto bepositive for feasiblesolutionsof themodelasthetrans\er-
sality conditionhasto be satisfied.
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rateon randomincomerts independentlyf the sizeof the portfolio sharesThis reaction
expresseshe changen returnon capital,aswasalreadydiscussedor the growth effects
above. On the onehandtaxationcausegphysicalcapitalto be a lessattractve asseton
the otherhandit providesaninsuranceagainstisk.

With ng > 1, the governmentis a net—lendetto the public. Although this situation
is quite unrealistic,it is neverthelesdeasible. The presentvaluesof primary surpluses
have to suffice to pay off existing debt, which corresponds$o B(0) < 0. Otherwisethe
intertemporalbudgetconstraintwill not be met. With financial wealth growing at the
constantexpectedgrowth rate ¢, this implies a negative stock of bondsat all points of
time. Hence theinsightsfrom debtpolicy undercertainty asdiscussee. g. in Turnovsky
(1993,1996),extendto the stochasticcontext. The governmentusesits interestincome
from beinga net—creditotto the privatesectorto financeits continuousieficit.

Consideringheimplicationsof proposition2 the portfolio respondgo changesn the
net—return®f assetsn away onewould have expected.Dueto taxationthe composition
of the portfolio changesin favour of bondswith arisein tg, in favour of physicalcapital
with achangen Ts.

Proposition 3 (Portfolio Effects|1) The portfolio shae of physical capital increases
(deceases)with a rise in the tax rate on permanen{transitory)income if ng is within
theunit interval andthe degreeof relativerisk aversionis suficientlylow:

anK
on = >0
KEODAPL ——b— = Otd (37)
Nk +anNg I <0,

Taking regardof the equilibrium value of the real rate of returnon bonds(25) together
with (28), we have to considerthat a changein the tax rate on meanincome,doesnot
only affect the first componentput alsotherisk premium. Thelatterreflectsa changen

theriskinessof returnonfinancialwealth. Thus,underthe conditionsof proposition3 the
portfolio responddo taxationof meanincomewith anincreasdn the shareof physical
capital. Theoppositeresultsareobtainedor anincreasen thetaxrateonrandomincome
parts,asfirst demonstratedy Eaton(1981).

Finally, theconsumptioreffectsof achangen taxrateshave to beexamined.Whether
atax policy increase®r decreasethe consumption—wealthatio (26), depend®f course
onthetaxratesastaxationaffectstheintertemporabllocationof consumptiorandsaving.
Moreover, the effect of achangan optimalportfolio choicehave to betakeninto account.
Hence,

du_dw on ok g
dyy  dy  onk Ot

The partialderivative g—TFI‘ measureshedirectimpactof a changen tax rates.In detail, it

(38)

11



is givenby

a —
% _ gay_nw(l_a) (39)
2~ Voa(p-1)+(1-a)png (40)

Fromthisfollowsimmediately:

Proposition 4 (Consumption Effects1) The propensityto consumeout of wealth de-
creaseqincreasesyeterisparibuswith a rise in thetax rate on mean(random)income
if the Arrow—Pratt—index of relativerisk aversionis suficientlyhigh. Theoppositeresults
applyfor arelativerisk aversionsuficientlylow.
N
a'[d

En

0
= pz2
0Ts 0

—_ 41
Nk + aNg (41)

A VA

A highdegreeof risk aversioncorrespondso alow intertemporaklasticityof substitution
(1/p). In this casethe agentdislikesdeviationsfrom a uniform patternof consumption
overtime. An increasen thetaxrateonmeanincomeleadsto adecreasé expectedcapi-
tal return.In orderto compensatéhis effectandto smooththeintertemporatonsumption
flow, theindividualincreasesarings. Theconsumption—wealthatio reactscorverselyto
achangen thetwo taxratesandthereis atrade—of in thesizeof theattitudetowardsrisk
andthefactorincomeshares.

Dueto the aggregyateproductvity shock,individualincomeis stochastic.As long as
the agentsare sufiiciently risk averse,thereis a motive for precautionarysaving. Fol-
lowing Leland(1968)andSandmq1970),this is definedasadditionalsavings causedy
the uncertaintyof future incomeflows. A precautionarymotive ariseswith decreasing
absoluterisk aversion. A constantdegreeof relative risk aversion(p > 0) satisfiesthis
condition. In contrasto this, uncertaintyin interestratesonly causegprecautionarsav-
ing for a degreeof relative risk aversionsufficiently high (p > 1). In our modelsetting,
theagentsareconfrontedwith risky wageincomeaswell asuncertaininterestrates.Thus,
thefractionon theright handsideof (41) is lessthanunity. Whetherthe agentdemands
highersavingsoutof precautionarynotives— whichimmediatelyinduceshighergrowth
— first of all dependon the degreeof risk aversion. As canbe seenfrom the defini-
tion of the growth rate(27), the sign of the secondermis alsoinfluencedby the size of
capitalincomeshare the tax rate on stochastiancomesandthe varianceof the random
shock.Individual optimizationleadsto precautionansaving if theintertemporaincome
effect dominateghe intertemporakubstitutioneffect, i. e. if the diffusioncomponenin
the expectedgrowth rateis of positive sign. In this case the insuranceeffect of arisein

12



the tax rateon randomincomepartsinducesan increasan consumption.The opposite,
i. e.lower savings, follows from the dominationof the substitutioneffect.

Additionally, from (38) canbe seenthat the consumption -wealthmatio respondgo
changesn the optimal portfolio. Thepartlalderwatwea“ is alsoof ambiguoussignand
mainly depend®ntherelationof thetwo tax ratesandthesizeof thetechnologicakhock,

thatis 3
o = Y(AL- (1 Ta) - Vo%p(1-a)(1- 9. 42)
Proposition 5 (Consumption Effects11) Giventheratio of thetaxrates,the propensity
to consumencreases(deceases)ceteris paribus with a rise in the portfolio shawe of
physicalcapital, if theimpactfromincomerisk is suficientlyweak(strong).

6u 1-14
anK 1-1g

> pyo? (43)

An increasen theportfolio shareof physicalcapitalleadsto higherexpectedyrowth thus
enlaging not only futureincomeflows but alsothe volatility of futureincome. Whether
thisincreasesurrentconsumptiordepend®n theintertemporaklasticityof substitution
aswell asontheoptimalresponseo risk.

Consideringhe sign of the partial derivative a”K from (38), the statement®f propo-
sition 2 and3 apply.

We now examinethe impactof a differentialtax policy on lifetime utility. We will
demonstrateéhatit is impossibleto derive unambigouswelfare effects. Neitherwelfare
lossesdueto anincreasen ty nor welfare gainsdueto arisein ts canbe determined
with certainty Two of theimplicationsareof majorinterest:An increasan the meantax
ratereducegrowth, thusdriving the growth rateaway from the Pareto—optimabne, but
possiblyinducingwelfaregains.Onthe contrary anincreasen thetax rateon stochastic
incomecomponentsinambiguouslyeadsto a highergrowth rate,reducesncomeuncer
tainty, but may causewelfarelosses.

Themarketclearingcondition(20) cannow beemployedto rewrite theexpressiorfor
lifetime utility (31). With p= ng(y—¢), the welfareeffectsof a changein thetax rates
Ti,i = d,sis givenby

0G_ KPy=9)P a9
9 [B-(1-p) (9 Ipv?0?)]? T
Thefirst termis positive, aswe requirea positive propensityto consumeandlik ewise a
positive portfolio shareof capital (1, nk > 0) to obtainfeasiblesolutionsfor the model.
The secondterm representshe growth effects discussedvith propositionl. The third

termis of ambiguoussignandreflectsthe optimalresponsén consumptiorandportfolio
choice.

y—B- p¢—— (1-p)py?o®|.  (44)
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Proposition 6 (Welfare Effects) Thewelfare effectof differential taxationis ambiguous.
Taxationof permanenaswell asof transitoryincomemaycausewelfare gainsor losses.
G <

otg — 1
“ = y-B-po-5(1-p)py’c?20 (45)

ot <

If thethird expressionn equation(44)is positive, the welfareeffectsparallelthe growth
effects: An increasén thetax rateon meanincomety reduceghe expectedgrowth rate
andleadsto welfarelosses. A risein the tax rate on randomincomepartsts increases
growth andinduceswelfaregains. Theseoutcomesonfirmthe known resultsfrom liter-
atureon tax incidenceandwill bereferredto as‘normal’ welfareeffects. An increasan
the tax rateon deterministiincomecomponentfiasa distortionaryeffect on accumula-
tion. An increasan thetax rateon stochastiagncomecomponentsowersthe varianceof
wealth,thusproviding akind of insurance.

Otherwise,if the third termis negative, the impactfrom tax policieson the growth
ratearereverseddueto consumptiorandportfolio effects: A highertax ratety increases
welfare,whereasa highertax ratets reducesnaximumlifetime utility. In thefollowing,
thesecounterintuitive resultswill be denotedas‘paradoxical’'welfareeffects. They can
be ascribedfirst of all to the mainfeaturesof the stochasticArrow—Rome+Model. The
agentaunderestimatéhe marginal returnon capital. The competitve allocationis charac-
terizedby a suboptimallylow growth rateandsuboptimallyhigh propensityto consume.
Thus,ary taxpolicy isto bediscussedavithin asecond—bestetting.Additionally, all fiscal
policy parametersirerelevantto individual optimization. Taxationdoesnot only distort
the allocationof consumptiorover time, but alsoaffectsthe optimal compositionof the
portfolio. In particular theentireconsumptioreffect of achangen taxratess ambiguous
dueto theinterdependencef consumptiorand portfolio choice. Moreover, anincrease
in ng simultaneouslynducesareductionin theinitial marketvalueof governmenbonds.
Thisimmediatelyleadsto a devaluationof wealthandcausesvelfarelosses.Vice versa,
adecreasén ng causesvelfaregains.

Summarizingtheseresults,welfare gainsfrom anincreasan the propensityto con-
sumeout of wealthaccompaniedtby a decreasingortfolio shareof capitalmayoutweigh
the welfarelossesfrom lower growth dueto taxationof meanincome. On the contrary
areductionin the consumption—wealthatio or anincreasen the portfolio shareof cap-
ital leadsto negative welfare effectsthat possiblyoffsetthe positive welfare effectsof a
growth enhancingaxationof transitoryincome. It is importantto stresshatparadoxical
welfareeffectsof bothtax policiesoccurwithin thesameparametesetting,ascanbeseen
from proposition6.
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5 A Special Case: Logarithmic Preferences

To illustrate our resultsand for the sale of transpareng we now discussthe caseof
logarithmicpreferencesSummarizinghe propositionsl to 5, we learnthatgrowth, port-
folio, andconsumptioreffectsmay impacton welfarein oppositedirections. Assuming
logarithmic preferencesimplifies someof the effects. This allows for a morerigorous
understandingf theinteractionof the key macroeconomiwgariablesn thedetermination
of welfarechanges.

With p = 1, thevaluefunctiontakestheform

GIN(K0), 0= - (BIn (Y~ )+ 8~ 507+ Binko ). (46)
Thewelfareeffectsof achangdan thedifferentialtax ratesgivenby (44) simplify to
dG
e -5 (@)

Thefirsttermis positive for feasiblesolutionsasdiscussedn the previoussection.Term
‘E’ still is of ambiguoussign. The growth effectsremainunchanged, e.theresultsfrom
propositionl apply. The portfolio shareof physicalcapital definitely decreasesvith a
risein thetaxrateon meanincome.Theoppositereactioncanbe obtainedfor anincrease
in the tax rate on randomincome. Both outcomescan be derived from proposition2.
The entire consumptioneffects remainambiguous. Taking regard of the direct effect
from proposition4, the resultis now clearcut: The consumption—wealthatio decreases
with arise in 14, while it increaseswith arisein 1s. Whereasthis effect is definite,
theresponsef consumptiorto a changein portfolio compositionis indeterminate The
agentsareconfrontedwith incomerisk aswell aswith uncertainfuturereturns.Fromthis
followsimmediatelythatevenwith logarithmicpreferencetheconsumption—wealthatio
respondso changesn thetax rates,asalreadydiscusse@bove. Mutual independencef
consumptiorand portfolio choiceis no longerpresered. The latteris usuallypredicted
within theintertemporalC—CAPM settingfor the assumptiorof logarithmicpreferences,
asin Merton (1969). Consequentlyour outcomediffer from the correspondingesults
of thelinear stochastigrowth modelasin Turnovsky (1995).

Substitutionfor the expectedgrowth ratein (47) leadsto the following expressiorfor
term‘E’

E=y[1-a(l-14)]-06—V?c?[l—a(1—Ts)]. (48)

The questionof a specificpolicy mix is a crucial one. The proportionof fiscal expendi-
ture andrevenueparametersiecidesuponthe sign of theterm‘E’ and henceuponthe
directionof welfareeffects. Furthermorethe sizeof the externaleffect of humancapital
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accumulatiorplaysanimportantrole. Without this externality, thatis a = 1, the sign of
‘E’ would entirely dependon the portfolio shareof governmentbondsto be greateror
lessthanzero. Paradoxicalwelfareeffectsin this casemayonly arisefor ng < 0.2
Becauset is not possibleto restrictthe formal analysisary further, we performsome
numericalcomputationsThe coeficient a is assumedo be a broadmeasuref physical
capitalincluding alsohumancapital. We seta = 0.7. Let furthermorethe rate of time
preferenceébe 3 = 0.05. The standarddeviation of the technologicalisturbanceaswell
astheoutput/capitakatio weresetaccordingo Smith (1996)with o = 0.76 andy = 0.5.

Td 6=0.1 Td 6=0.2
1 1

Ts Ts
0.8 0.2 0.4 0.6 0.8

6 03 ' 6 03
Td 6=0.3 Td 0=0.4
0 04" 0 04"
0.8 0.8
0.6 0.6
0.4 0.4
601, 8 01,
002 15 0 02 Ts
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
8 03

o 04 Figurel: ‘Normal welfareeffectsof a differentialtax policy

The black shadedarearepresentall tax—transferpolicies generatingthe so—called
‘normal’ welfare effects of taxation(‘E’> 0) which are compatiblewith feasiblecon-
sumptionprograms.Thatis the propensityto consumeout of wealth,theexpectedyrowth
rate,the portfolio sharesandthe expectednterestrateon governmentondsarepositive
andthetrans\ersalityconditionis satisfied.In contrasto this, in the white areaat least
oneof theseconditionsis violated. The spaceof feasiblesolutionsdecreasewith arise
in transferpayments.With a large transferrate, high tax rateson meanincomeonly go
alongwith relatively low tax rateson stochastiagncomecomponents.

Figure 2 displaysparametecombinationsof the two tax ratesandthe transferrate
whereG;, > 0 and Gy, < 0 within feasiblesolutionsof the model. It canbe seenfrom
the plot, that positive welfare effects of increasingty and vice versain 1s arisefor a

9Thereis no possibilityfor Ponzi-gamesaswe requirethe trans\ersalitycondition (17) to be satisfied.
Theargumentrelatedto proposition2 applies.
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combinationof relatively hightransfergogethemwith avery hightaxrateondeterministic
incomecomponent&nd a neggligible rate on stochastioones. Given the varianceof the
technologicaldisturbancecounterintuitive welfare effectsmay only be dervedif there
is atax policy with a high tax ratein meanincome, 1y — 1, andarelatively low income
tax rateon randomincomeparts,ts — 0, asalreadydiscussedor proposition5.
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0 045

o 0475 Figure2: ‘Paradoxical'welfareeffectsof a differentialtax policy

6 Conclusion

In this papemwe developeda continuous—timetochastiendogenougrowth modelwith a
positive productionexternalitydueto humancapitalaccumulation Assumingdifferential
tax rateswith respecto deterministicandstochasticomponent®f income,we analyzed
growth andwelfare effects of a changein proportionalincometaxation. We found that
increase® therespectie tax ratehave contraryeffectson the expectedgrowth rate,thus
confirming the well-known resultsfrom literatureon tax incidence. Taxationof mean
incomereducesexpectedyrowth. Taxationof transitoryincomeincreaseshegrowth rate,
asthegovernmentsharegartof theincomerisk. We demonstratethata differentialtax
policy mayhave the welfareeffectsusuallyexpectedn this setting.Undercertaincondi-
tions, the distortionaryeffect of taxationof permanenincomereduceswvelfare,whereas
the insuranceeffect of taxationof transitoryincomeleadsto welfaregains. But whatis
moreinteresting,we derived welfare effectsthat contradictthe commoneconomicintu-
ition. A decreasen the expectedgrowth rate dueto taxationmay occurtogetherwith
welfaregains,whereasonewould usuallyrelatethis situationto welfarelosses.The op-
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positeresultswere obtainedfor anincreasen the tax rate on stochastiancomeparts:
An increasen the growth rateis possiblyaccompaniedby a decreasén welfare. These
findingscanmainly be ascribedo theinteractionof consumptiorandportfolio choicein
thedeterminatiorof equilibriumgrownth andwelfare.
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