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Abstract
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score-driven models with a generalised Pareto-type cylindrical distribution. The proposed
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and crucially, the tail index of the linear component through the conditional distribution of
speed to vary according to its score. Whereas the Weibull-von Mises model, whose linear
component exhibits exponentially decaying tails, the GPar specification admits polynomial
tail decay. An explicit expression for the time-varying circular-linear dependence measure
is also derived. The methodology is applied to high-frequency data from two onshore
wind turbines in Germany. The empirical results indicate that allowing time-varying tail
thickness leads to overall improvements compared to the Weibull-von Mises model. The
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1 Introduction

Directional data plays a central role in environmental and physical systems, where angular measurements
describe movement or flow and magnitudes quantify intensity. A canonical example is wind direction
and wind speed, whose joint behaviour is of increasing relevance in the context of climate change
and renewable energy integration. High-frequency observations of such variables reveal rapid regime
changes and short-lived extreme events that cannot be adequately captured by models that ignore non-

linear dynamics or tail behaviour.

Statistically, wind direction and wind speed form cylindrical data, combining a circular component with
a non-negative linear magnitude that is typically skewed and may exhibit heavy tails. Modelling these
components separately neglects their structural dependence and may lead to distorted inference, partic-
ularly during periods of extreme variability. This has motivated the development of joint circular-linear
distributions. Early constructions include the regression-based framework of Fisher and Lee (1992),
copula-based approaches such as Johnson and Wehrly (1978), and the generalized von Mises—normal
model of Kato and Shimizu (2008). A tractable and interpretable parametric specification is the Weibull
Sine Skewed-von Mises (WeiSSVM) distribution of Abe and Ley (2017).

While the WeiSSVM model accommodates skewness, its linear component remains of Weibull type
and therefore exhibits exponentially decaying tails. In applications where extreme events occur more
frequently, such behaviour may be restrictive. To address this limitation, Imoto et al. (2019) introduced
the Generalized Pareto-type cylindrical (GPar) distribution, which extends the Abe-Ley model through
a generalized Gamma mixture representation. The resulting linear component exhibits polynomially
decaying tails, allowing for substantially higher probabilities of extreme observations while preserving
tractability and interpretability. Despite these advantages, the GPar distribution has so far been studied

only in a static framework.

Many practical applications, however, involve time series in which distributional features change over
time. Score-driven models (Creal et al., 2013; Harvey, 2013) provide a natural mechanism for introducing
such dynamics, allowing parameters to vary according to the score of the one-step-ahead predictive
density. These updates are likelihood-based, automatically adapt to the underlying distribution, and
remain computationally attractive because the likelihood is available in closed form. Recent contributions
by (Harvey and Palumbo, 2023; Harvey et al., 2024) demonstrate that circular and cylindrical distributions
can be embedded within this framework, yielding dynamic specifications for wind direction and speed
based on the Weibull-von Mises (WeiVM) distribution.

The present paper extends this literature by developing a score-driven specification based on the cylin-
drical GPar distribution. Our contribution is threefold. First, we embed the GPar model within an
observation-driven framework, allowing for time variation in the circular location and linear scale pa-

rameters. Second, we introduce a dynamic tail mechanism for the linear component by allowing the tail
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index to be time-varying. This feature enables the model to capture changes in extremal behaviour di-
rectly within the cylindrical distribution, rather than through exogenous regime-switching mechanisms.
Third, we derive the implied time-varying circular-linear correlation coefficient and show how it de-
pends on the evolving distributional parameters, providing a coherent dynamic measure of dependence

consistent with the cylindrical structure.

The dynamic tail specification is particularly relevant in high-frequency wind applications. At very
short timescales, yaw alignment and control systems rely on accurate modelling of rapid directional
shifts and gust-induced variability. Misalignment reduces efficiency and increases structural loads. At
coarser timescales, such as 15 minutes, wind direction and speed are directly linked to electricity market
operations, where these intervals constitute trading units in several European markets (EPEX SPOT SE,
2025). In both contexts, allowing the degree of tail thickness to vary over time provides a flexible way to

capture episodic bursts of variability and extreme behaviour.

Empirically, we apply the proposed methodology to Supervisory Control and Data Acquisition (SCADA)
wind turbine data observed at high frequency. We compare the dynamic GPar specification with the
WeiVM benchmark and show that allowing for polynomial tails and time-varying tail thickness yields
substantial improvements in likelihood-based criteria and forecasting performance. The estimated tail
dynamics capture episodes of increased extremal activity, while the implied correlation measure reveals

meaningful time variation in directional-speed dependence.

The remainder of the paper is organised as follows. Section 2 describes the data. Section 3 introduces
the dynamic cylindrical GPar model and its score-driven specification, including the derivation of the

time-varying correlation measure. Section 4 presents the empirical findings. Section 5 concludes.

2 Data

For the empirical analysis, we use SCADA data from two wind turbines located at two different oper-
ational onshore wind farms in Germany. Wind farm 1 is located in an inland region, whereas wind
farm 2 is located near the North Sea coast. The two locations belong to different wind zones, with the
inland wind farm characterised by lower expected wind speeds and the coastal farm associated with
substantially stronger wind conditions. In addition to the SCADA measurements, we have access to

selected technical information (e.g., hub height).

Since the focus of this study is not on modelling entire wind farms, we restrict the analysis to one
turbine per site, namely the southernmost turbine at each wind farm. Wind conditions are measured
by the nacelle-mounted sensor located behind the rotor plane. By selecting the outermost turbine on
the south/south-west edge of each wind farm, we mitigate potential wake effects from turbines further

inside the wind farm and from neighbouring wind farms under the prevailing inflow directions. This
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consideration is particularly relevant for the coastal wind farm, where the density of wind farms is

higher.

The SCADA data we have access to are recorded at a 10-second frequency and the timestamp is provided
in Coordinated Universal Time, so daylight-saving time adjustments caused by one-hour duplicate
observations are not required. To evaluate the performance of the proposed model across different
sampling frequencies, the two turbines are analysed at different temporal resolutions. As many analyses
in the literature are conducted at lower sampling frequencies, we subsample the time series to 15-minute
intervals. Although we do not model wind power production, we further motivate the 15-minute
sampling by noting that 15-minute products are commonly used in the German intraday market and,
since October 2025, also in the day-ahead spot market (EPEX SPOT SE (2025)). Further, we need to
decide on the time period on which to base our empirical analysis. To avoid an entirely arbitrary
choice, we focus on autumn and summer, as these seasons provide sufficiently different wind regimes
and allow us to assess the model under heterogeneous conditions, including periods with pronounced
variability and potential heavy-tailed behaviour. In general, winter months are known for higher wind
speeds, whereas summer months are typically less productive in terms of wind power generation due
to lower wind speeds. For autumn 2024, wind speeds were slightly lower overall than in the reference
period 2004-2023 (anemos Gesellschaft fiir Umweltmeteorologie mbH, Feb. 12, 2025; Bundesnetzagentur
and Bundeskartellamt, Nov. 26, 2025). Our decision to focus on autumn is further motivated by its
pronounced short-term variability: autumn represents a transition season between summer and winter
and is associated with changing large-scale weather patterns. Such changes can include, for instance,
periods influenced by frontal systems as well as calmer episodes, leading to intermittent short-term
variability. We therefore use autumn 2024 to evaluate whether the model can reproduce ramp-like rapid
dynamics, i.e., pronounced changes over short time scales ranging from minutes to a few hours, which
are known to be a key challenge in wind power prediction (Lochmann et al., 2023). For the coastal
turbine, we instead focus on a short summer window at the original 10-second resolution. This choice
allows us to examine the model’s behaviour under high-frequency directional variability in a typically
low-wind summer regime, thereby providing a useful contrast to the more dynamic autumn conditions
while keeping the sample size broadly comparable for benchmarking purposes. Preliminary analyses
indicated that single-day summer samples provided insufficient variation in wind direction, whereas
the selected three-day window retains adequate dynamics and exhibits the heavy-tailed features that
motivate our modelling framework. For the turbine in the inland region, we subsample to 15-minute
intervals (Turbine 1), whereas for the turbine at the coast we use the original 10-second frequency (Turbine
2). For Turbine 1, we select the full meteorological autumn season of 2024 (September—November),
yielding 8,734 observations. Two values are missing; we treat these as negligible and exclude them
from the analysis. For Turbine 2, we restrict the sample to a three-day summer period (10-12 July 2024),

yielding 25,920 observations without any missing values. Tab. 1 summarises the key characteristics of
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the resulting data sets.

Table 1: Overview of the two turbine data sets.

Turbine 1 Turbine 2
Geographical location in Germany Inland Coastal (North Sea)
Temporal coverage 1 Sep.—30 Nov. 2024 10-12 July 2024
Temporal resolution 15 minutes 10 seconds
Number of observed days 91 3
Number of expected observations 8,736 25,920
Missing values 2 0
Expected wind conditions Moderate High
Nacelle height (relative) Higher Lower

The variables of interest are wind speed (m/s) and wind direction (0, 2r). Wind direction follows the
meteorological convention commonly used in wind energy applications: it indicates the direction from
which the wind is coming, with 0 corresponding to North and angles increasing clockwise. Although
the time series plot (see Fig. 1) may suggest the presence of calm winds, we do not observe any wind
speed equal to 0m/s. From the wind rose plots (Fig. 3) we identify the prevailing incoming wind
directions during autumn 2024 for Turbine 1 (Panel A), and for 10-12 July 2024 for Turbine 2 (Panel
B). Turbine 1 exhibits dominant wind directions from the west and south, whereas Turbine 2 shows
a more pronounced inflow from the southwest. We also note that Turbine 2 has a lower hub height
compared to Turbine 1, still the measured average wind speed at Turbine 2 is higher. As a technical
reference point, wind turbines typically require wind speeds of roughly 4m/s to start operating and
reach near-rated performance at higher wind speeds around 10 m/s. Wind direction from Turbine
1 shows a broader directional distribution, with most observations in the 4-10m/s class; the largest
frequencies are observed in the western and southern sectors (each around 15%). Wind direction from
Turbine 2 reveals a more concentrated directional pattern, mainly from south-western (between 20-25%)
to north-western (nearly 20%). Wind speeds higher than 10m/s (between 5-10%) come from north to
north-east.

The histograms in Fig. 2 complement the wind roses in Fig. 3 by summarising the marginal distribution
of wind speed for the two turbines. For both series, the wind speed is positively skewed, with most
observations concentrated at low to moderate wind speeds and a right tail extending to higher values.

The wind roses additionally reveal how the wind speed classes are distributed across wind direction
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Figure 1: Wind direction and wind speed for study turbines. (A) Turbine 1 (inland
site), based on 15-minute SCADA data from meteorological autumn 2024
(September-November). (B) Turbine 2 (coastal North Sea), based on the selected
summer period (10-12 July 2024).

sectors. In particular, the coastal 10-second series (Turbine 2, Panel B) shows a more concentrated
directional pattern in the wind roses, consistent with a clearer sectoral wind structure than in the inland
15-minute series (Turbine 1, Panel A). Both histograms display right-skewed unconditional distributions,
with most observations concentrated at low to moderate wind speeds and a visible extension in the upper
range. Relative to the fitted lognormal curves, the empirical distributions suggest the presence of heavier
upper tails, particularly for Turbine 1, while Turbine 2 exhibits a more concentrated centre but still a
noticeable mass at higher wind speeds. These patterns indicate that wind speed may exhibit non-
negligible upper tails, providing empirical support for modelling the linear component with a flexible
distribution that accommodates heavy-tailed behaviour. This motivates the generalized Pareto-type

specification introduced in the next section.
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Figure 2: Histograms for wind speed of the two study turbines with fitted lognormal
density curves (red). (A) Turbine 1 (inland site), based on 15-minute SCADA data
from meteorological autumn 2024 (September—November). (B) Turbine 2 (coastal

North Sea), based on based on 10-second SCADA data on the selected summer period

(10-12 July 2024).
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Figure 3: Wind roses for the two study turbines. Radial bar length indicates the
relative frequency of observations by wind direction (%), and colours indicate wind
speed classes (m/s). The classes are defined to reflect broad turbine operating
regimes, including near cut-in conditions (around 4 m/s), the approximate
rated-operation range (around 10 m/s), and high-wind conditions approaching the
cut-out range (approximately 21-25m/s, where turbines are shut down for safety. (A)
Turbine 1 (inland site), based on 15-minute SCADA data from meteorological autumn
2024 (September—-November). (B) Turbine 2 (coastal North Sea), based on 10-second
SCADA data on the selected summer period (10-12 July 2024).

3 The Dynamic Cylindrical GPar Model

A bivariate distribution for a circular and a linear variable takes the form of a cylinder. This section

shows how a dynamic modelling framework based on such a distribution can be constructed.
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Imoto et al. (2019) introduced a joint circular and linear distribution with heavy-tailed linear variable:

the Generalized Pareto-type cylindrical distribution (GPar) with density,

)
V1 —%2 (xp\371 T (Xp\5 —t
fepar(ye, xt) = T (;t)é 1+ 5 (Et)S (1 -k cos(y: — y)) Jfor —m <y <mand x; >0,

where - < u < 7 is the location for the circular variable y; and ¢ > 0is the scale of the linear variable x;.
The remaining shape parameters satisfy 7,6 > 0and 0 < x < 1.

Following a useful reparameterisation, where Inoc = A, 1/6 = a, 6/t = ¢ and x = tanh(v), the density
can be rewritten as

—(c+1)

a (xte_A)a_1 1+ % (xte_A)a (1 - tanh v cos(y: — ) ,

Fexe ) = o s

with -m < p <m, A €R, ¢, @, v > 0. In this reparameterisation, as ¢ — oo the distribution tends
to the Weibull-Von Mises (WeiVM) distribution of Abe and Ley (2017). It follows that v serves as the

concentration parameter for the circular variable.

Remark: In Imoto et al. (2019) the GPar distribution is stated for x > 0. However, it is naturally supported on

[0, 00). For a > 0, the density behaves as
Ffrx(y,x) ~Cly)x* 1 asx — 0,

which is locally integrable. Hence, for every € > 0,

é.
/ frx(y, %) dx < oo,
0

and therefore P(X = 0) = 0. The point x = 0 is a boundary of measure zero and does not require a separate
zero-mass component. This is analogous to the classical Weibull distribution when the shape parameter is smaller
than one: the density may diverge at the origin but remains integrable.

As in the WeiVM distribution, the marginal distribution of the circular distribution is distributed

Wrapped Cauchy with density

V1 - tanh?(v)

1 — tanh(v) cos(y; — #)) '

fr(ye) = 27 (

On the other hand, if we consider the conditional distribution of the linear variable x; conditional on the

circular variable y;, after applying the transformation

g o
1 — tanh(v) cos(y; — 1)
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the conditional density becomes

a-1 ay=(c+1)
_ac Xt X
Partlyd) = 5 (@(yt)) [H (fp(yt)) ] '

which shows exactly that x;|y; ~ Burr(@(y:), a, ¢), where @(y;) is the scale parameter, while « and ¢ are
shape parameters determining the tail behaviour, since the tail index is defined as 1 = a¢. The Burris a
special case of the three parameters Generalised Beta of the Second Kind (GB2), with shape parameters
a, ¢ unrestricted and & = 1, see McDonald and Xu (1995) and Harvey (2013). When a = 1 we obtain the
generalized Pareto distribution. When, in addition, ¢ = 1, the log-logistic is obtained. F is obtained as a
special case in which @ = 1 and ¢ = v1/2 = v,/2. Finally, if ¢ — oo the Weibull is obtained as a limiting

case.

The family of distributions generated by the Burr is very flexible and has been extensively studied in
the score-driven literature; see, among others Harvey (2013), Harvey and Palumbo (2023a). It has been
particularly used in the modelling of extreme positive financial variables, such as realised volatility and
range, due to the fact that the score-driven filters generated by these conditional distributions are robust

to the presence of outliers if the data display features of heavy tail, see Harvey (2022).

Overall, the corresponding log density of the joint cylindrical distribution is as follows.

In f(y¢, x¢) = —In2n+In a—A-In cosh(v)+(a—-1)(In x;—A)—(c+1)In |1 + %(xte_)‘)“ (1 - tanh(v) cos(y: — p)) | -
@)

In what follows, we first introduce the baseline specification of the model allows for time-varying circular

location and linear scale in 3.1. Extensions permitting time-varying concentration and tail thickness are

introduced in 3.2 and 3.3.

3.1 Score-driven dynamics for location and scale

Data generated by a real-valued time-series model, with support —co < z; < oo, can be mapped into

wrapped circular observations taking values in [-7, 7t) by defining
yr = zz mod(2m) — 7, t=1,..T, ()

see Breckling (1989) and Fisher and Lee (1994). A modelling specification for circular data is then given

by

Zp = Upp-1 t €, <& <m, t=1,..,T, (3)

where the innovations ¢; are independent and identically distributed (IID) draws from a circular distri-

bution with zero location, and ;1 denotes the time- filtered location based on information available at
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time t — 1. Following Harvey et al. (2024), a stationary first-order observation-driven updating equation

for the location filter is

pesre = (1= Q) + pug—1 + xuy, |(P| <1, t=1,..,T, 4)

with uyp = w as the unconditional location of y;—1. The innovation variable u; is taken to be a function

of the circular observations y;.

A continuous circular density f(-; 0) satisfies the periodicity condition
f(z £2nk; 0) = f(z;0),

for any integer k, where 0 collects the parameters. Provided that the derivatives of the log-density with
respect to the elements of 0 are continuous, they inherit the same periodicity property. Consequently, the
path of y_q is identical whether the innovation variable u; is constructed from z; or from its wrapped
counterpart y;. It follows that, in the model defined by (3), (4) and (2), the conditional distribution of y;
coincides with that of z;, and hence the likelihood function for the observed wrapped series {y;}]_, is

the same as that for the latent unwrapped variables {Zt}tT=1-

Within this framework, Harvey et al. (2024) study score-driven filters in the case where the innovation
u; is proportional to the conditional score, as in Creal et al. (2013) and Harvey (2013). For the location

parameter, this corresponds to
_ dIn f(yt} Yelt-1, v)
aHt|t—1 '

Ut

They show that, for circular distributions, u; is invariant to wrapping and remains IID. Moreover, for
the stationary von Mises model they derive the asymptotic distribution of the maximum likelihood

estimators of ¢, k¥ and w in (4).

In Harvey and Palumbo (2023a) they extended the dynamic framework to a cylindrical distribution based
on WeiVM defined in Abe and Ley (2017), constructing a filter for both the location parameter of the
circular variable and the scale parameter of the linear variable. The present work is a direct extension of

the bivariate framework of Harvey and Palumbo (2023a).

To model the variation in the circular variable, we introduce a score-driven filter for the circular location

parameter u from its conditional score obtained from the log-density (Eq. 1).

dinf

: (1+0) tanh(v) sin(y; — p)
u

1 — tanh(v) cos(y; — 1) v

where

N =

~ (xe=")* (1 - tanh(v) cos(y; — p))
1+ % (xte=1)* (1 - tanh(v) cos(y; — 1))

by
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The quantity b; € (0,1). Given that the linear variable x; conditionally on y; is Burr distributed, is
easy to show that b; is conditionally distributed b; |yt ~ beta (1, ¢), see Harvey (2013) and Harvey and
Palumbo (2023a).

As in the cylindrical score-driven WeiVM model, the linear variable x; enters the score with respect to
the circular location parameter. However, rather than linearly, in this case, it does so through the variable
bt, and its impact is limited by its bounds. In addition, the information quantity with respect to the

location parameter p is
_(1+9)
M2+

sinh(v)?.
As a consequence, the filter for the location of the circular variable can be constructed as

dinf __
Hev1e = a)y(l - Qbu) + (Puﬂt\t—l + Kylry, Uy = WIW}, t=1,..,T,

where w, € R, |(j)y| <land x, > 0.

Remark: As for the model in Harvey and Palumbo (2023a) based on the WeiVM distribution, given the dependence
of uty on the variable by, whenever x; = 0, also uy, = 0. This means that the model is robust to the presence of
zeros in the linear variable, which empirically occurs when the wind speed is 0 and, as a consequence, there is no
direction variable y;. Due to this feature, this model is also robust to the missing in wind direction caused by the
absence of wind, and the filter provides a one-step-ahead forecast naturally.

At the same time, a model for the dynamics of the scale parameter of the linear variable A can be

constructed in a similar way.

dln f
oA

=a[(l+c)b —1],

which is consistent with the location/scale filter for the Burr model; see Harvey (2013) and Harvey and
Palumbo (2023a). In this case, we can also see that as x; increases, since 0 < b; < 1 the score is bounded
between —a and ac¢. As a falls, the tail index falls, and therefore the filter windsorises high values of x;

in the presence of heavy-tailed observations, so it is robust to the presence of outliers.

The information quantity with respect to the location parameter A is

a’c

24+¢’

Ty =

As a consequence a filter for the scale of the linear variable can be constructed as

dinf
Apsrp = 0A(1 = Pa) + Padyr + KAl A, Uiy = o1 twr t=1,..,T,

where w) € R, ¢A| <landx, > 0.

Then the parameters of the model 6 = (a)y, Ou, Ky, wr, Pa, %K1, 0, @, g) can be estimated through manxi-
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mum likelihood, maximising the log-likelihood function obtained form 1,

T T T
InL(0) = Z In f(y;,x;) =—-Tn2n +Tlna — Z Age1 — TIncosh(v) + (a — 1) Z(ln Xt = Ago1)— (5)
t=1 t=1 t=1

T
—(c+ I)ZIH
t=1

while the filters are initialised at their unconditional mean, i.e. g = w, and Ay = w,.

1+ %(xte_m‘"l)a (1 - tanh(v) cos(y; — Httl))} ' ©)

3.2 Time-varying concentration

The model can be easily extended to include a time-varying concentration parameter v. This feature has
been shown in Harvey et al. (2024) that can capture heteroscedasticity in the circular variable y;. To do
so, we apply the link function ¥ = Inv and then construct a filter for the parameter 9;;_; based on its
conditional score.

Anf  (1+9) cos(y — )

09 vCOsh(U)z (1 — tanh(v) cos(y; — ‘u)) by — tanh(v),

Then the information quantity with respect to 9 is

_ ,(1+¢)+ctanh(v)?
- 2+¢) '

Iyy

then the resulting filter is

dnf
St = ws(1 = Ps) + PoSy—1 +Kours, Upy = WISS/ t=1,..,T,

where wp €R, ¢9| < land kg > 0. The additional parameters can also be estimated by ML through the

log-likelihood function in 6 while the filter can be initialised at its unconditional mean, i.e. 919 = ws.

3.3 Time-varying tail index for the linear variable.

While Harvey (2013) studied the properties of filters derived by the GB2 family of distributions, which
include the Burr. Caivano and Harvey (2014) have studied its logarithm, the Exponential Generalised
beta of the Second Kind (EGB2) family. It contains the exponential Burr (EBurr) distribution for £ = 1
which tends to a logistic if also ¢ = 1; see McDonald and Xu (1995) and Caivano and Harvey (2014). In
particular, Harvey and Palumbo (2023a) have identified that, once the logarithm of a standardised Burr

variable &; = (x/¢)% is taken, we have that:

Ing = a(lnx —Ing),
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where In ¢ becomes the location of the EBurr variable, while @, from driving the tail index in the
level variable, becomes the inverse of the scale parameter for the logged EBurr variable. Harvey and
Palumbo (2023b) have constructed a score-driven filter for the o parameter of the Burr to capture the
time heteroscedasticity in the log realized volatility (RV') variables, which reflected a time varying tail

index in the RV in levels.

In practice, a time varying a would affect the way the score u;, reacts to the presence of outliers in the

linear variable x;, windsorising more heavily as the distribution become more heavy-tailed.

To construct a filter, we apply the link function y = Ina and then construct a filter for the parameter

Xt|t-1 based on its conditional score.

dln f
Ix

=1+In(xe™) [1-(1+¢)be],
Then the information quantity with respect to yx is
IXX =Fy+FA1+F [A% + 2L12(tanh2(§))] ,

where,

A1 =log ¢ +log cosh(v) +21og cosh(g) ,

and Fy, F1, F, defined in (11) (in the appendix E) are constants that depends on ¢, the digamma 1(.) and

trigamma () functions, while Liy(.) is the dilogarithm.

Then the resulting filter is

dInf
Xeetp = Op(L = Pp) + Py Xpjp—1 + Kyl Uty = WIXX, t=1,..,T,

where w, €R,

¢ X| < land x; > 0. The additional parameters can also be estimated by ML through the

log-likelihood function in 6 while the filter can be initialised at its unconditional mean, i.e. x19 = .

3.4 Diagnosing the Presence of Dynamics in Parameters

In the score-driven literature the Lagrange multiplier, or score, test against serial correlation in location
parameters is based on the portmanteau or Box-Ljung statistic constructed from the autocorrelations of
the scores; see Harvey (2013), section 2.5. For time varying location in models based on the conditional
von Mises distribution with concentration v > 0, the scores under the null hypothesis of constant
location are proportional to sin(y; — ;). and the sample autocorrelations correspond to the circular

autocorrelations (CACFs) in Jammalamadaka and Sengupta (2001), p. 176-9.

If there are more fixed or dynamic shape parameters in the model, the limiting distribution of the Box-
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Ljung statistic applied on fitted scores under the null of no dynamics is a chi-square mixture and can be
approximated through block bootstrap. Nevertheless, looking at the results of the statistics under the
standard Box-Ljung chi-square limiting distribution is still informative of the presence of dynamics and
it has been successfully used in the literature, see Palumbo (2021a), Harvey and Palumbo (2023b) and
Harvey and Palumbo (2023a). For these reasons, we will use the Box-Ljung test as a diagnostic tool to
detect the presence of dynamics in the parameters of the distribution. Moreover, if is applied on the
fitted scores after fitting a dynamic model, the Box-Ljung test can still be a usefull tool to detect residual

correlation in the dynamics of the parameters and can be used as a measure of goodness of fit.

3.5 Dynamic Circular-Linear Correlation

Imoto et al. (2019) introduce for the GPar distribution a coefficient of correlation between the linear
and the circular variable. This concept has also been explored by Abe and Ley (2017) in their WeiVM
distribution. The derivation of the coefficient is based on the results of Johnson and Wehrly (1977) and
Mardia (1976), which are direct extensions of the Spearman correlation coefficient in the case of linear
and circular variables. This type of correlation has been extensively used in empirical works concerning
environmental data, see, among others, Wang et al. (2015), Beyene et al. (2018), Collins and Norton (2024),

and more recently also in economics, see Lourengo and Rua (2023).

In our case, the coefficient can be expressed as

2
rxc — 2restxcrxs

1

2 _
RX@ -

4

~ 1
where rcs = Corr (cos®,sin®), rxc = Corr (X, cos®), and rxs = Corr(X,sin®). For both the dis-
tributions GPar and WeiVM, the authors showed that if the variables X and ©® were standardised, the
resulting correlation coefficient depends only on the remaining shape parameters of the distributions.
Considering that for our distribution rcs and rxgs are 0, deriving the correlation coefficient from rxc
gives us,

r (%)Z I(c- i)z [P11/a (cosh(v)) - %(”/Q)P?/a (cosh(v))]2

2
R§(® = ric = 2ac cosh(v)*~a

I'(c) [ZF (3)T(c-2) Pf/a (cosh(v)) — %WP?M (Cosh(v))} /

This quantity is constrained 0 < Rg@ < 1 due to the nature of the two marginal distributions. If in
our case the shape parameters are dynamic, in particular v and a which model heteroscedasticity in the
circular and in the logarithm of the conditional linear variable, the resulting correlation coefficient will

also be time varying.
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4 Empirical analysis

In this section, we evaluate the empirical performance of the proposed model using high-frequency wind
data. To facilitate the comparison, we benchmark our specification against the cylindrical score-driven
model of Harvey and Palumbo (2023a), which provides a natural reference case for comparison. Both
models are estimated within the same score-driven framework so that differences in performance can be

attributed to the distributional assumptions rather than to the updating mechanism.

4.1 Benchmark model and computational setup
The WeiVM density is given by

[04

fly,x)=

oy PN e () (- ncosty =) @)

for-mn<y,u<mx>0,a>0,v >0, where exp(d) is the scale parameter ¢ of the linear variable and v
controls the concentration of the circular component. The score-driven filters are specified in the same
way for both models. The information quantities required for scaling the score are available in Harvey

and Palumbo (2023a) and are therefore omitted here.

Estimation is carried out in R'. Numerical optimisation relies on the COBYLA algorithm, implemented
through the nloptr? package (Ypma et al., 2018). COBYLA (Constrained Optimization BY Linear Ap-
proximations) is a derivative-free optimisation routine designed to handle nonlinear objective functions
and parameter constraints without requiring gradient information. The nloptr package provides an
interface in R to the NLopt library, which contains a collection of state-of-the-art numerical optimisa-
tion algorithms for nonlinear problems. A derivative-free method is convenient because the likelihood
is highly nonlinear, making gradients difficult to compute reliably. COBYLA also allows parameter

constraints to be enforced directly and provides stable convergence.

Tab. 2 describes all model specifications considered in the empirical application, stating the correspond-
ing conditional distributions GPar (Model 1-5) and WeiVM (Model6-8) and indicating which parameters

are either static or time-varying in each model specification.

4.2 Performance evaluation measures

To assess the empirical performance of competing models, we compute a set of complementary goodness-
of-fit measures in line with Harvey et al. (2024) and Harvey and Palumbo (2023a) in the case of modelling

with a dynamic Burr distribution.

Wersion 4.4.3
2Version 2.2.1
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Table 2: Overview of empirical model specifications.

Model Dist. Static parameters Time-varying parameters Feature
(1) GPar wA,S, X, ¢ — Static GPar model (no dynamics)
(2) GPar 3, x,¢ Het—1, Agje-1 Adds dynamics in direction, location, and speed scale
(3) GPar X, ¢ Pee—1, Abje-1, Sj-1 Adds time-varying concentration
(4) GPar 9,¢ Peje=1, Abe=1, Xeje-1 Adds time-varying tail thickness
(5) GPar G pet—1, Agge—1, Ste-1, Xep—1  Full GPar: dynamics in location, scale, concentration, and tail index
6) WeiVM 1, A, 9, x — Static WeiVM model (no dynamics)
(7)  WeiVM 3§, x Pee=1, Agje—1 Benchmark with dynamic location and scale
8) WeiVM yx pet—1, Abe—1, Spe-1 Benchmark with dynamic location, scale, and concentration

Note: 441 is the filtered circular location, A4, the filtered log-scale of wind speed, 9;_1 = log v;_; the
filtered log-concentration, and ;-1 = log a1 the filtered log-shape governing tail thickness in GPar.

Likelihood-based model comparison is conducted using the Akaike information criterion (AIC) and the

Bayesian information criterion (BIC).

For wind direction, we report the dispersion measure following Harvey et al. (2024) adapted to our

specification as

T
D=1- Zcos(yt—ym_l), 0<D<1,
=1

Sl

where y; denotes the observed wind direction and p_q the filtered circular location. Lower values of

D indicate a tighter directional fit.

Together with the relative improvement statistic

D
Ag=1- =,
0 D(S
with
1 &
Ds=1- 7 Z;cos(yt - Yi-1),

where D denotes the dispersion of the random walk benchmark. Positive values of As indicate an

improvement over the benchmark.

For wind speed, model fit is evaluated using the mean squared error (MSE) which provides a conventional

measure of level accuracy in wind energy applications.

T
. 1 .
MSE(xi, %) = 7 ), (1 = 2.
t=1

While widely used, the MSE is known to be sensitive to extreme values, which may impact model

comparisons. We therefore additionally report the QLIKE loss function as proposed by Patton (2011)
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and defined as:

T
QLIKE(x;, &) = Z (log 2+ %) ,

t=1

|-

where x; denotes the observed wind speed and £ is the expectation of the Burr distribution defined as:

r(1+ -2 )r(c— 1 )

Qplr-1 Qplp-1

I'(0) '

£ =E[X|Y = yt,ﬁ-ﬂ = (P(yt)

where @(y;) is defined as:

1/04“,
Pilyn) = e ( C ) -
Ht\tfl)

1 — %441 cos(Or —

4.3 Results

Tab. 3 and 4 summarise the comparative performance of the dynamic specifications for both the WeiVM
and GPar models. Across turbines and sampling frequencies, increasing flexibility systematically im-
proves likelihood-based criteria. However, the gains are markedly stronger under the GPar specification,
particularly when the tail index is allowed to evolve. This indicates that accommodating time-varying
tail thickness provides additional explanatory power beyond that achieved by dynamic scale and con-

centration alone.

The goodness-of-fit measures for wind direction, D and A, reveal a more nuanced pattern. For the
GPar specification, directional performance remains stable as flexibility increases, and improvements in
directional fit do not come at the expense of speed modelling. For instance, in Turbine 1 (Autumn, 15-
minute frequency), the most flexible specification (Model 5) delivers the best directional fit according to
both As and D, while maintaining essentially unchanged QLIKE values relative to simpler specifications.
A similar behaviour is observed for Turbine 2 at the 10-second frequency: although Model 2 slightly
outperforms Model 5 in some directional and MSE metrics, the overall speed-related performance, as

measured by QLIKE, remains comparable across specifications.

In contrast, for the WeiVM model, additional flexibility tends to improve directional goodness-of-fit but
at the cost of deteriorating slightly speed-related performance. Moving from Model 5 to Model 8 leads to
lower values of D and A, yet slightly higher MSE and QLIKE, indicating a trade-off between directional
and linear fit under the lighter-tailed structure. This difference highlights the role of the heavier-tailed

GPar specification in jointly capturing direction and speed without compromising predictive accuracy.

Fig. 4 illustrates the filtered wind direction and speed for Model 5 at the 15-minute frequency during
autumn 2024 (Turbine 1). Both GPar and WeiVM track the main directional movements closely, consistent
with their similar D values. However, Model 5 achieves a moderate improvement in As and a clearer

advantage in speed-related metrics. The lower MSE and improved QLIKE indicate that the presence
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of dynamic tail index enhances the fit during periods of increased variability. A comparable pattern
emerges in the 10-second data for Turbine 2, where the GPar specification consistently outperforms the

WeiVM benchmark across the main performance measures.

The drivers of the GPar model’s improved fit become apparent in Fig. 5. Panel A shows 1/a;;_1, the scale
parameter of the logarithm of speed, which drives the tail behaviour of the conditional distribution of
speed. Periods of high values of a;;_; are associated with lighter tails, while lower values correspond
to heavier tail behaviour. This is reflected in Panel D, which displays the exact time-varying tail index
a - ¢ for the conditional distribution of speed. With a mean of to a mean of 7.621, over the sample the tail
index ranges from periods with a maximum of 11.997, to periods with a minimum of 1.685 where fewer
finite moments exist. These values indicate substantial variation in tail thickness over time, with periods
with lower values corresponding to periods of low speed where the logarithm of speed becomes more
volatile and speed is more prone to extreme movements. In terms of the filter, a lower tail index implies
that the score with respect to A;;_; windsorises the observations more heavily, making the filter less
sensitive to large deviations and outliers, with more moderate innovations. Panel B shows the inverse
of the concentration parameter 1/v;;_1, which is the dispersion of the direction variable. The periods
when the tail index is low also coincides with periods when the concentration parameter is also low
and dispersion of the direction variable increases becoming more uncertain. This confirms the fact that

periods with low and extreme wind speed are also associated with greater directional uncertainty.

The last panel displays dynamic correlation. Here, higher values of R} indicate that certain arcs of
the circle tend to be associated with particular wind-speed ranges. Panel D shows that R§(® throughout
the sample remains mostly at low to moderate levels, up to approximately 0.17. Occasionally, it falls
towards O for short periods of time. As we can observe, these drops correspond to periods in which
wind direction or wind speed are more uncertain, identified also by drops in concentration or in the tail
index. The relative magnitude of these two combined effects determines the size of the movements in

2 .
R Yo over time.

For the 10-second data, we observe a similar qualitative behaviour in the inverse scale, inverse concentra-
tion, and tail index. However, the estimated values of a - ¢ are substantially higher, ranging from 48.390 to
1.773 with an average of 21.177. This indicates predominantly lighter tails than in the 15-minute data, but
still periods of very extreme behaviour. This is because the shorter time horizon captures more locally
persistent wind conditions. As illustrated in Fig. 1 Panel C, and D, wind direction remains largely stable
over the period, with only a single pronounced shift first towards 0 and then towards higher values.
This smoother evolution reduces regime mixing and results in a higher average tail index. The tail index
indeed falls significantly as the series approaches 0 between the second and the third day. However, we
can still see that the tail index falls in the first part of the second day, this time not because the series is
merely approaching 0 but because it effectively becomes more volatile. Overall, this behaviour indicates

a stronger and more stable circular-linear dependence over the three-day period which can be seen also
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in Panel C, where the correlation coefficient is persistently high. Furthermore, this is consistent with the
wind rose plot (Panel B of Fig. 3) and the raw time series (Panels C and D of Fig. 1), which show a clearer
sector-specific direction—speed structure. The main reduction in dependence occurs around 03:00 on
12 July 2024, when lower wind speed levels coincide with a marked directional transition across wind

sectors.
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Figure 4: Filtered wind direction and wind speed using GPar for Turbine 1. Autumn
2024, 15-minute frequency.
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Figure 5: Time-varying scale, concentration, correlation, and tail index using GPar for
Turbine 1. Autumn 2024, 15-minute frequency.
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Figure 6: Filtered wind direction and wind speed using GPar for Turbine 2. 10-12 July
2024, 10-second frequency.
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Figure 7: Time-varying scale, concentration, correlation, and tail index using GPar for
Turbine 2. 10-12 July 2024, 10-second frequency.

-23-



Tab. 5 presents Ljung—Box tests applied to the fitted score residuals for Turbine 1 (autumn, 15-minute fre-
quency). For the GPar specification, increasing flexibility substantially reduces residual autocorrelation
across components. In particular, in Model 5, the statistic associated with the parameter x;;_; becomes
insignificant at lag 1, and the remaining statistics are markedly smaller than in simpler specifications,
indicating that the dynamic tail mechanism effectively absorbs short-term dependence. Although some
longer-run dependence remains at lag 24, its magnitude is considerably reduced relative to the baseline
models. In contrast, the WeiVM specification continues to exhibit large and highly significant Ljung—Box
statistics across direction, scale, and concentration, even in the most flexible specification. This suggests

that the Weibull-based structure leaves substantial serial dependence unmodelled.

Tab. 6 reports Ljung—Box tests for Turbine 2 (10-second frequency). The results broadly mirror those
obtained for Turbine 1. For the GPar specification, increasing flexibility reduces residual autocorrelation,
particularly at lag 1, where the statistics associated with the parameters Ay;_ and x;—1 become small or
insignificant in the more flexible specifications. At lag 24, some dependence remains, which is expected
given the higher temporal resolution of the data. In contrast, the WeiVM specification continues to
display large and significant Ljung-Box statistics across components, indicating that residual serial

dependence persists.

Overall, the GPar model again provides a better dynamic description of the data than the lighter tailed
WeiVM model.

Table 5: Ljung-Box tests on fitted score residuals for Turbine 1. Autumn 2024,
15-minute frequency.

lag=1

GPar WeiVM

Model u A 9 X Model i A 9

1) 7420.001***  5726.283***  7135.826***  4563.935*** (6) 6773.136*** 5062.736*** 6304.436***

2) 36.956*** 15.566*** 896.304*** 88.675*** (7) 23.335***  216.379*** 1460.315***
3) 53.251*** 1.823 414.743%** 420.962*** (8) 224.093***  40.935***  766.003***
4) 72.843*** 1.730 197.258*** 16.689***
(5) 5.503** 64.171*** 3.895%* 0.327
lag =24
GPar WeiVM

(1)  131613.856*** 89606.962*** 133900.759*** 46810.198*** (6) 6773.136™* 5062.736*** 6304.436***
2) 174.343*** 91.524***  14199.509***  1680.408*** (7) 23.335%**  216.379*** 1460.315***
3) 160.590*** 115.328***  2665.882***  5611.211*** (8)  224.093**  40.935***  766.003***
(4) 231.239%** 26.676 3049.760**  108.876***
) 132.910*** 150.381*** 154.310%*** 79.971%**

Note: Significance: 0.01 (***), 0.05 (**), 0.1 (*).
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Table 6: Ljung-Box tests on fitted score residuals for Turbine 2. 10-12 July 2024,
10-second frequency.

lag=1

GPar WeiVM

Model u A 3 X Model u A 9

(1)  25340.712*** 24707.385*** 24967.714***  24705.020*** (6)  25284.039*** 24719.346*** 24766.610***

?2) 1.924 44,711 2739.227%** 201.920%** (7) 359.389*** 423.234%** 9100.340%**
3) 155.436*** 3.847** 32.292%%* 2158.663*** (8) 390.462*** 978.908*** 7768.074***
4) 476.464** 3.252% 968.571*** 1.757
5) 400.480*** 2.104 360.287*** 2.765*%
lag =24
GPar WeiVM

(1) 579118.379*** 531194.476*** 539529.113*** 518563.948*** (6) 565572.049*** 518892.162*** 515969.353***
) 691.542%** 1288.459***  9911.790***  1741.511*** (7) 680.293*** 502.290***  35467.815***
) 696.986*** 932.965*** 1204.897***  20567.796*** (8) 576.437*** 1045.957***  10891.294***
4) 1164.446***  1276.613***  6312.007*** 683.462%**
5) 733.417%** 1043.772*** 816.566*** 640.303***

Note: Significance: 0.01 (***), 0.05 (**), 0.1 (*).

5 Conclusion

This paper develops a dynamic cylindrical modelling framework based on the GPar distribution for
circular-linear time series. The proposed specification embeds the heavy-tailed cylindrical distribution
of Imoto et al. (2019) within an observation-driven structure, allowing key distributional parameters to
vary according to the score of the predictive density. In doing so, the model extends existing cylindrical
score-driven approaches by introducing polynomial tail behaviour and, crucially, by permitting the tail

index of the linear component to vary dynamically.

The methodological contribution is threefold. First, we provide a tractable dynamic specification for the
cylindrical GPar distribution, allowing for time variation in circular location and linear scale. Second,
we introduce a dynamic tail mechanism that captures changes in extremal behaviour directly within
the conditional distribution, rather than through exogenous regime-switching devices. This feature
enhances robustness to extreme observations while preserving likelihood-based tractability. Third,
we derive the implied time-varying circular-linear correlation coefficient and show how evolving tail

thickness and concentration jointly shape the strength of directional-speed dependence over time.

The empirical application to high-frequency SCADA wind turbine data demonstrates the practical rel-
evance of these extensions. Relative to the WeiVM benchmark, the dynamic GPar model delivers

systematic improvements in likelihood-based criteria and forecasting performance, particularly when
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the tail index is allowed to vary. The estimated tail dynamics reveal substantial temporal variation in
tail thickness, with heavier tails coinciding with periods of increased speed volatility and directional
dispersion. In addition, the model provides a coherent dynamic measure of circular-linear dependence,

highlighting episodes in which direction and speed become more weakly or strongly coupled.

From a modelling perspective, the results illustrate that allowing for heavier and time-varying tail thick-
ness materially improves the joint description of direction and magnitude in environments characterised
by extreme variability. Importantly, these gains are achieved within a fully likelihood-based and com-

putationally tractable framework, which makes the approach suitable for high-frequency applications.

The proposed methodology is not limited to wind data. Many environmental and engineering ap-
plications involve cylindrical time series in which heavy-tailed magnitudes and evolving dependence
structures are present. Future research may explore multivariate extensions, incorporation of exogenous

covariates, or the integration of spatial dependence across multiple turbines or geographical locations.

A further natural extension is to assess the proposed framework using substantially higher-frequency
data, such as 50 Hz measurements commonly available in operational and test turbine monitoring
systems. At such control-relevant time scales, additional short-run dynamics may become important,
potentially requiring richer persistence structures, higher-order score updates, or additional time-varying
components in the tail or concentration parameters. Evaluating the adequacy of the cylindrical heavy-
tailed specification under these conditions would provide insight into the limits of observation-driven
dynamics at very high sampling frequencies and inform potential refinements for real-time control

applications. The framework developed here provides a flexible foundation for such developments.
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A Expectations of functions of Beta functions

Following Lemma 1 in Harvey (2013), pg 23, a random variable b distributed with a beta (a, p)* while

w (b) is a function of a b with finite expectation,

B(a+h, B+k)

B, ) E[w(b)], h>-a, k>-p

E[p" -0 w)| =

where B (a, f) is a beta function and now the expectation on the right-hand side is now understood to

be with respect to a beta (a + h, B + k) distribution. Then as, also derived in Palumbo (2021b)

1 o ok

E [h'lh (b)h’lk (1 - b)] = mwa—ﬁklg ((X, ‘3)

where £B (a, ) = B (a, B) [¢ (@) = ¢ (a + p)] and £5 1p( ) = v (@) is the multigamma function for

various values of / =0, 1, .... As a consequence,

- d

kq..i i
E[bh(1—b) ln(b)lnf(l—b)] [bh(1 b)] (Hh T a7 Bla+h, p+k)
1 2 9
=—( 5] 3071 987 B(a+h, p+k)

B Information Matrix for u

Starting off with the score with respect to the location parameter p,

dln f

o/ (1+0) tanh(v) sin(y; — p)
t

1 — tanh(v) cos(y — 1) !

where

% (xre™")* (1 - tanh(v) cos(y; — p))
1+ 1 (xe=)" (1 - tanh(v) cos(y: — ) ’

by =

which is conditionally distributed as b; | Yyt ~ beta(l, c), see Harvey and Palumbo (2023a). Then we have

that its information matrix is computed in the following way

3this means that 1 — b is distributed with a beta (8, a)
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E (1+¢)

tanh?(v) sinz(yt ) bﬂ
>

5]

(1 - tanh(v) cos(y; — p)

tanh?(v) sinz(yt ) }
=(1+¢)’E E (b?
(9 (1 - tanh(v) cos(y; — y))2 (0 lve)
_2(1+9) tanh?(v) sin?(y; — )
(2+¢) | (1 - tanh(v) cos(ys — p))’

given that the conditional expectation of E (bf \yt) =2/(1+¢)(2+¢). Then we will make use of the
relationship sin” 0 = 1229226 and the integral definition of the associated Legendre function of the first
kind with degree n and order m, as described in Eq. 8.711.2 of Gradshteyn and Ryzhik (2015) , p. 969,
as used in Abe and Ley (2017)

0
P = ot comt g
el o (z—\/zz—lcost)
Then using the pdf of the marginal wrapped cachy distribution for y;
V1 - tanh?(v)
frlye) = 27 (1 - tanh(v) cos(y — )
we have that
_ 2(1+¢) tanh?(v) ~ tanh?(v) cos 2(y; — )
2+ |2 (1 - tanh(v) cos(y: — [J))2 2 (1 - tanh(v) cos(y; — y))Z
0
= d+c) tanh?(v) cosh®(v)4/1 — tanh?(v) (l / 40 3
(2+¢) T J-n (cosh(v) — sinh(v) cos(6))

1 /0 cos (26) )
T J_r (cosh(v) — sinh(v) COS(Q))3
= —g I 3 sinh?(v) (Pg (cosh(v)) — %Pg (cosh(v)))

Given the tabulated results for the associated Legendre function of the first kind, such as Pg(x) =

(3x* —1) /2 and P3(x) = 3 (x? — 1) we have that

_(1+0¢) sinh?(v)
C(2+9) 2

_(d+9)
T (2+9)

((3 cosh?(v) — 1) -3 (coshz(v) - 1))

12
sinh”(v) = 1,

where we used the relations 1 — cosh?(v) = sinh?(v)
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C Information Matrix for A

Starting with thew score with respect to the parameter driving the scale of the conditional linear distri-

bution, A, we have that

dinf
L —ata+ob-1

where b; is conditionally distributed b:|y; ~ beta(1,¢), which is consistent with Harvey (2013) and
Harvey and Palumbo (2023b).

Then the information quantity with respect to the parameter A can be obtained by

21 t
E[ azr:\f] =a(1+g)E[3—bA}

= —a®(1+ Q) E [E (br (1= b) |y )]

__a@c
T 2+4¢
therefore
02 In f a?c
= —E =
dar [ 2 2+¢’

D Information Matrix for v

Starting off with the score with respect to the concentration parameter v,

dInf 1+ cos(y — )
Jdv  cosh(v)? (1 - tanh(v) cos(y — )

b; — tanh(v),

Then the information quantity with respect to the parameter v can be obtained as
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oinf\}|
E[( v )} =k
) usz[ costy P

cosh(v)* (1 - tanh(v) cos(y — #))2

( 1+¢ cos(y — 1)

2
cosh(v)? (1 - tanh(v) cos(y — p)) b= tanh(v)) l

E (b2 |y: )} + tanh(v)?

1+ cos(y - )
2 tanh(v)cosh(v)zE [ (1 - tanh(v) cos(y — ) E b |yt )}

= (L+c) E [ 1+cos2(y — ) + tanh(v)?

(2 + ¢) cosh(v)* (1 - tanh(v) cos(y — y))2

5 tanh(v) [ cos(y — ) }
cosh(v)? " | (1 — tanh(v) cos(y — w))

__ (+9 (1/0 1
(2+¢)cosh(v)* | 7 J_x (cosh(v) — sinh(v) cos(y — p))°

N 1/0 cos2(y — 1) 3) n
T J-r (cosh(v) — sinh(v) cos(y — u))

0
Ah(v)? — 2tanh(v) 1 cos(y — )

+ tanh(v) cosh(v) 7t .[n (cosh(v) — sinh(v) cos(y — y))z
i (P 37 o) 22 s
) @Tgiﬁmm(%@m*@V—U+§@wmw%4ﬂ+mﬂ@y

tanh(v)

2 cosh(v) W

- % (3 cosh(v)? - 2) + tanh(v)* — 2 tanh(v)?

)
T (2+9) cosh(v)? cosh(v)?
(1+ ¢) + ¢ tanh(v)? _7

2+¢) "

where Pll(x) =Vx2—-1forx > 1.
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E Information for the tail index y

We define x = tanh(v) and 0; = y; — u.

The score for x is

sei=1+a log(xte_/‘)[l —(+ g)bt],

and given that

o log(xte—A) =log ¢ —log(1l — x cos 6;) + log 1%,
— by
define

by
1-b;

a(5) =logc —log(l1—xcosd), £ =log

Then the score can be written
Syt =1+(a+0)(1+pb), B=-(1+¢).
LetY = (a + £)(1 + Bb) so that
st =142Y+Y?%, Y2 =(a+0)7(1+28b+B°b°).

We first take expectation over the Beta component since b ~ Beta(1, ¢). Let ¢ = log 1% and define the

Beta—logit moments
ro = E[b]/ rn = E[bz]/ mo = E[e]/ mp = E[eZ], qo = E[bf]/ q1 = E[bzf], po = E[bez]/ p1= E[bzgz]/

all taken under b ~ Beta(1, ¢).

These admit closed forms in terms of the digamma ¢(-) and trigamma ¢1(-) functions. For Beta(1, ¢) one

obtains

1 2

"ETYe "Tavoe+o

my = (1) - p(c), m=Pi(1)+ i)+ (1) - ()’ ®

0 =r(P@-y@©), g =n@@-y@©), po=r(P1@+i©)+ B -vE)]), O
pr=r1($10)+ 91(0) + (#3) - (<)) (10)

After expanding si, ; and collecting powers of a(5) one obtains

E[Si,t | 6] =Fy+ F1a(6) + thl(é)z,
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where

Fo=1+2Brg+p%r1, Fi=2(1+Bro)mo+2Bq0+2p2q1, Fo=1+2(mg+Bqo)+mi+2Bpo+p>p1. (11)

Taking expectation over 6 which follows a wrapped—Cauchy therefore yields

IXX = FO + F1A1 + F2A2, (12)

where A; = E[a(6)], Az = E[a(6)?]. We now compute these wrapped-Cauchy expectations. Remember

that the wrapped-Cauchy density is given by

V1 -2
)= —F——— 1.
1) 21t(1 — x cos §)’ 0<t<
Introduce the Poisson parameter
1-V1-«2
p= = , O0<p<l,

so that
1- p2
_ 2 _
1—Kcosé—1+p2(1—2pcosé+p), Vl—K2_l+p2.

Hence

log(1 — x cos 0) = —log(1 + pz) + L(0),
with L(8) = log(1 — 2p cos 6 + p?).
Using the factorization

1-2pcosd +p* = (1-pe®)(1-pe™),
and the Taylor expansion of log(1 — w) = — 3};°_; w" /n for [w| < 1 gives the Fourier series

o n
L(o) = —ZZ P~ cos(no).
n=1 "
For the wrapped Cauchy distribution, one has
E[cos(nd)] = p",

so that

p2n
E[L(5)] = —22 -

n>1

= 2log(1 - p?).
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To obtain the E[L?(5)], write

L(5) = Z 0, cos(nd),

n>1

and from the Parseval identity we have:

S
E[L(5)*] = >

with a¢ and a; define as:

27
a _ 1 2 _1
> _27'(/0 Ly dd, a=—

2?’1
e}’l:_pr
n

(o]

Zakp",

k=1

2n
/ L(5)? cos(kd) dd, k> 1.
0

The cosine Fourier expansion of L(5)? using the discrete convolution gives

L(d)* = Z Z 0,4, cos(nd) cos(md).

n=1m=1

Substituting (15) in (14) and using cosine identities shows that the integral is non-zero only if k =

or k = n + m, yielding the convolution representation

1
o =5 Z gngm(l{k:|n—m|}+1{k:n+m}.

n,m>1

Reindexing and substituting ¢, = —2p" /n yields

~—

k-1
o = %;fnek_w;enm
kk—l 00 p2n+k
R ;n(k—n)+4 L4 )
o0 2n+k k- 1
- -t Zn(nJrk) z:;;

Using the identities 4 3,7, H" 1p% = 210g?(1 - p?) and 4 = fol utk=1 gy

k=1 k=1

n,k >1lead to

n=1 k=1
_ L p?[-1og(1 - p2u)]
0 1- pu
= 4log’(1-p?)
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(16)



For ap we use the definition of the dilogarithm Li, to get:

“—O—i/ZHL(é)Zdé—ziﬂ—zLi(z) 17)
2 " 27 J, Th L TR

Hence it follows form (16) and (17) that:
E[L(5)%] = 2 Lia(p?) + 41og*(1 - p?).
Finally, using standard identities for hyperbolic functions, we have that

- v 2= 2(2 2o o)
P—mmﬂzf 1=p _%&(2% 1+p'1mm%wm

Therefore
Ay =-E [log (%(1 — tanh(v) cos 6))] =log ¢ + log cosh(v) + 21log COSh(g) ,
_ 2 (1. _ A2 . 2(V
A, =E [log (g (1 -tanh(v)cos0)|| = A7 +2Lip (tanh (2)) .
Substituting into (12) gives the final explicit form

Tox = Fo+ Fidy + B2 |47 + 2 Lig tanh?(3)) |,

with Fy, F1, F» defined in (11).

F Derivation of the Correlation Coefficient

We start from defining,

tanh(v/2) PO

(cosh(v)) — Va

Cov (x;e™, cos (y; — p)) = ¢'*a FEle-q) P! (cosh(v))|,

I'(c) a

A

Cov (xre™,sin (yr — u)) =0,

Cov (cos (y: — ), sin (yr — u)) =0,

where P}/ (x) is the Legendre function of the first kind. Then, given that
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_ ¢! cosh(v) (3 T(e-3)

Var (™) = S0 zr(%)r(g - %)pf/a (cosh(v) = TSP (cosh(v)
1
Var (cos (y: — u)) = Tcosh(R’

as a result we have that

r (%)zr (c- %)2 [Pll/a (cosh(v)) - %(”/2)13?/& (cosh(v))]2

4

2
R§(® = rf(c = 2ac cosh(v)*a

I'(c) [2r (2)T (c - 2) P2, (cosh(v)) - TEIHEma)l po (cosh(v))}
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