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Abstract

This study proposes an optimized estimation approach for Self-Exciting Threshold Autoregressive
(SETAR) models by integrating the Majorization-Minimization Group Least Absolute Shrinkage and
Selection Operator (MM-gLLASSO) algorithm, with a primary focus on improving forecasting
performance in complex regime-switching environments. While SETAR models are powerful in
capturing non-linear regimes and asymmetric dynamics in time series data, they often suffer from high-
dimensional parameter spaces. This typically leads to high-dimensional parameter spaces that cause
overfitting and reduced forecasting stability. We address this by employing the MM algorithm to
simplify the complex, non-differentiable gLASSO penalty into a more manageable surrogate function.
This ensures stable convergence and allows for simultaneous variable selection and parameter
estimation across multiple regimes. The gL ASSO penalty is specifically utilized to ensure that irrelevant
lags are excluded consistently across the threshold structure. We provide a detailed derivation of the
estimation procedure and evaluate its performance through extensive simulation studies. The results
indicate that the MM-gLLASSO framework significantly outperforms traditional methods, particularly
in terms of sparsity recognition and parameter consistency. Finally, an empirical application on PM;
concentration demonstrates the model's superior forecasting capability and its effectiveness in
identifying structural transitions in real-world time series data.
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1. Introduction Threshold Autoregressive (SETAR) model
addresses this by partitioning the time series

Nonlinear time series often exhibit regime- . . .
into multiple regimes based on past

switching behavior, where the statistical

o , observations, fitting distinct autoregressive
characteristics of the process evolve over time

processes within each regime [6,7]. While the
SETAR model offers a flexible framework for
capturing regime-switching behavior, a
fundamental difficulty lies in reliably

in response to changes in an underlying
threshold variable [1]. Classical linear
approaches such as Autoregressive (AR)
models [2-4] and Double Exponential
Smoothing (DES) [5] have been widely used
for time series forecasting due to their

estimating the number and positions of
thresholds, especially under limited prior
information and a large candidate threshold

simplicity and interpretability, however, these space [8].

models are often inadequate for capturing
structural breaks and nonlinear dynamics In recent years, a variety of approaches have
inherent in complex data. The Self-Exciting been developed to improve the analysis of



nonlinear time series. Smooth Transition
Autoregressive (STAR) models [9], widely
published in econometrics literature [10], allow
for gradual transitions between regimes by
using continuous transition functions [11].
Similarly, Markov-Switching Autoregressive
(MS-AR) models introduce latent Markov
chains to capture unobserved structural shifts,
which is highly effective for high-volatility
financial data [12]. However, these methods
often require strict distributional assumptions
and are prone to local optima during non-linear
optimization.

The rapid advancement of machine learning has
introduced new paradigms for nonlinear
forecasting. Methods such as Support Vector
Regression (SVR) [13,14] and Random Forests
[15,16] have been extensively applied due to
their ability to handle complex nonlinear
relationships without parametric assumptions.
Furthermore, deep learning architectures such
as Recurrent Neural Networks (RNNs) and
Long Short-Term Memory (LSTM) [17,18],
along with more recent models including
Transformer-based  architectures  [19,20],
Temporal Convolutional Networks (TCN) [21—
23], N-BEATS [24,25], and its extension N-
HiTS [26] and Autoformer [27], have
demonstrated strong capability in capturing
both short and long-range dependencies in time
series data. Despite their predictive accuracy,
these "black-box" methods often lack the
technical  interpretability  provided by
threshold-based models, which are essential for
understanding  physical or  economic
breakpoints.

To bridge the gap between interpretability and
performance, penalized regression frameworks
have been adapted for model selection. The
conventional Least Absolute Shrinkage and
Selection Operator (LASSO) [28,29] was
initially introduced to perform simultaneous
estimation and variable selection by applying
an £,-penalty [30], though it often struggled
with  highly correlated variables [31].
Extensions such as the Elastic Net [31-33] and

Adaptive LASSO [31,34], addressed these
limitations by improving selection consistency
and handling multicollinearity. More recently,
the Group LASSO (gLASSO) framework was
developed to select entire predefined groups of
covariates simultaneously [29,35], making it
particularly suitable for time series with
grouped structures [36]. However, applying
gLASSO to regime-dependent structures like
SETAR remains difficult due to the non-
differentiable nature of the objective function at
the origin, necessitating robust optimization
algorithms [29,30,37].

To overcome the non-differentiable gLASSO
penalty, this study incorporates the
Majorization-Minimization (MM) algorithm
into the SETAR estimation process. The MM
algorithm constructs a smooth, quadratic
surrogate function that majorizes the complex
objective  function, ensuring stable and
monotonically decreasing convergence [38].
The primary advantage of integrating the MM
algorithm is its computational efficiency, it acts
as a robust engine that accelerates the
optimization process in high-dimensional
spaces, drastically reducing computation time
compared to traditional methods. Consequently,
this penalized framework can objectively
distinguish between true structural regimes and
random noise. The main novelty of this research
lies in the integration between the reformulation
of SETAR as a structural change problem and
group selection through glLASSO penalties, so
that threshold determination no longer depends
on explicit point searching, but rather on the
sparsity structure of parameter changes.

The methodological challenges described
above are particularly evident in the analysis of
environmental data, specifically PMas
concentrations in Jakarta, Indonesia. PM;s
concentrations serve as a critical object of study
due to their inherent nonlinearity, driven by
sudden transitions in atmospheric states
[39,40]. Previous studies have attempted to
model these dynamics using linear ARIMA
models or traditional SETAR approaches, but
these often fail to capture the abrupt shifts



caused by meteorological thresholds like wind
speed or humidity [41]. Recent applications of
machine learning to air quality data have
improved forecasting [42—45] but often obscure
the specific physical thresholds where pollution
behavior fundamentally changes.

The characteristics of PMs data, marked by
seasonal shifts and extreme volatility, make it
an ideal candidate for the proposed MM-
gL ASSO optimized SETAR model. In a
standard SETAR model, evaluating threshold
variables requires exhaustive grid search
methods that are computationally demanding
and prone to overfitting, particularly when
dealing with noisy environmental sensors [29].
By integrating the gLASSO penalty into the
SETAR framework, the autoregressive
covariates corresponding to a specific threshold
candidate are treated as a single "group"
[28,29,46]. This integration provides a
significant methodological advantage, it
enables the automated and simultaneous
detection of regime-switching locations by
shrinking the coefficients of uninformative
thresholds entirely to zero, thereby eliminating
the need for sequential grid searches.

The proposed methodology is evaluated
through simulation experiments that replicate
regime-switching behavior under controlled
conditions. The data-generating processes are
designed with fixed autoregressive parameters
and known threshold locations, allowing for a
comprehensive evaluation of the method’s
accuracy in threshold recovery and out-of-
sample forecasting. In addition, the method is
applied to air quality data, specifically PM;s
concentrations. This application demonstrates
the practical relevance of the method in
environmental

addressing real-world

forecasting problems.

The main contributions of this paper are
threefold:

1. Automated Regime Switching Selection:
The integration of the gLASSO penalty
into threshold models provides a

structured framework for the simultaneous
detection of regime numbers and locations
without relying on exhaustive search
procedures.

2. Computational Efficiency via MM
Algorithm: The application of the MM
algorithm overcomes the non-
differentiability of the penalized objective
function, offering a highly efficient and
stable convergence mechanism for high-
dimensional threshold estimation.

3. Enhanced Environmental Diagnostics:
The empirical application to PM,s data
demonstrates the model's ability to capture
physically meaningful structural breaks
and improve predictive accuracy in highly
volatile atmospheric conditions.

The remainder of this paper is organized as
follows: Section 2 reviews the related work
concerning nonlinear modeling and penalized
regression. Section 3 details the methodology,
including the mathematical formulation of the
proposed MM-gLASSO method and the design
of the simulation and real-data scenarios.
Section 4 presents the results and discussion for
both the simulation studies and the empirical
application to PM,s data. Finally, Section 5
provides the conclusion and future research
directions.

2. Related Work
2.1.Self-Exciting Threshold Autoregressive
Models

The Self-Exciting Threshold Autoregressive
(SETAR) model is a development of the TAR
model first introduced by Tong. One of the main
advantages of the SETAR model is its ability to
identify asymmetric phenomena, describe
complex non-linear dynamics, and capture
changes that occur in data that cannot be
explained by linear time series models [6].
Unlike general TAR models that rely on an
external threshold variable, the SETAR model
treats a lagged value of the series itself as the
threshold wvariable, hence the term “self-
exciting”. The general form of the SETAR



model can be expressed with the following
model:
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In the SETAR model, y, denotes the value of
the time series at time t, and the process is
divided into N distinct regimes indexed by h =
1,2,..,N. FEach regime has its own
autoregressive structure with lag order p;. The
thresholds 74,75, ...,7y_1 partition the states
space based on the delayed variable y;_g,,
where d is the delay parameter. The
autoregressive coefficients in regime h are

denoted by (,i)l(h), and st(h) represents the
corresponding error term. An observation
belongs to regime hif the delayed variable y;_4
falls within the interval defined by the
thresholds, i.e., 1_1 < Yi_qg <1, with the
conventions 1y = —oo and ry = +0. [47].

Parameter estimation in the SETAR model is
generally done using the Conditional Least
Squares (CLS) approach as introduced by Tong
and Lim [6] and further developed by Tsay [47]
and Chan [48]. CLS involves estimating
separate linear regression models within each
regime, where the partitioning is based on the
historical values of the series itself (the
threshold variable). While this approach
ensures that each regime’s parameters are
tailored to local dynamics, it does not explicitly
control model complexity when multiple lags
and regimes are involved. As the number of
regimes and lag orders increases, the parameter
space grows rapidly, which may lead to
overfitting and reduced forecasting stability. In
addition, the independent estimation across
regimes ignores potential structural similarities
in relevant lag variables. These limitations

motivate the need for a more structured
estimation framework.

2.2.Least Absolute Shrinkage and Selection
Operator

To address the limitations of conventional
SETAR estimation, particularly in high-
dimensional settings and unstable forecasting
performance, penalized regression methods
have been proposed. One of the most widely
used approaches is the Least Absolute
Shrinkage and Selection Operator (LASSO),
introduced by Tibshirani [30]. The LASSO
improves prediction accuracy and model
interpretability by imposing an [; penalty on the
regression coefficients, which shrinks some
coefficients to zero and enables automatic
variable selection.

Consider observations t=1,2,..,n, with

. T
predictor vector y;_; = (yt_l,yt_z, ...,yt_p)
and response y;. The linear regression model is
given by:

Ve = ¢o + Z?:l Ye-191 + & 2

where ¢ is the intercept, ¢; are the regression
coefficients, and &; is the random error that is
assumed to be normally distributed with mean
zero and variance ¢ 2. Parameters are estimated
using Ordinary Least Squares (OLS) by
minimizing the sum of squared residuals:

{Zt 1(}’t Z?:l}’t—l(l’l)z} 3)

(¢> ¢)
In LASSO, a constraint is imposed on the
absolute values of the regression coefficients,
leading Equation (3) to Equation (4):

(g::g) {Z?ﬂ(yt — o — Zf=1 yt—l¢l)2}

subjectto ||p|l; < T 4

where T = 0 controls the degree of shrinkage.
If 7 is smaller than the number of absolute OLS
coefficients (¥, |pPLS]), then some coefficients
will become zero, resulting in a simpler and
more efficient model.



Despite its effectiveness in promoting sparsity,
standard LASSO performs variable selection at
the individual coefficient level and does not
account for the grouped structure inherent in
regime-switching models such as SETAR. In
particular, autoregressive coefficients
corresponding to the same lag across different
regimes are naturally related and should be
selected jointly rather than independently.
Ignoring this structure may lead to inconsistent
variable selection and reduced forecasting
performance, especially in complex regime
settings. Therefore, a more structured
regularization approach is required.

2.3. Group Least Absolute Shrinkage and
Selection Operator (gLASSO)

This grouping structure can be naturally
defined based on lag variables across regimes,
making gLASSO particularly suitable for
capturing regime-dependent dynamics while
maintaining model parsimony. The gLASSO
was developed by Yuan dan Lin [49] as an
extension of LASSO to enable more effective
group-based variable selection. A
regularization method that not only shrinks the
regression coefficient values but also ensures
that selection is done at the variable group
level. In regular regression methods, parameter
estimation is done by minimizing the sum of
squares of residuals without any penalty.
However, in gLASSO an [, norm-based
penalty is applied to each group of variables,
so that the optimized objective function
becomes:

—~ . 2
= arg(;nln”y - Zf=1X¢l||2 +
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where A, is the penalty parameter that controls
the amount of shrinkage applied to each group,
c; is a scaling factor used to adjust the relative
weight of the penalty for the [-th group, and
lp1llr, denotes the l,-norm applied to the
coefficients within the j-th group. By applying
the [,-norm at the group level, gLASSO
encourages sparsity across groups, such that

entire groups of variables are either selected or
excluded simultaneously. Consequently, if one
variable within a group is selected, all
variables in that group tend to be retained in the
model.

3. Proposed Method: SETAR gLASSO
with MM Optimization

In the SETAR model, candidate threshold
values for the threshold variable are taken from
N=n-p.
Consequently, regime candidates that did not
contribute significantly to the formation of
nonlinear patterns were eliminated. Unlike the

all effective  observations,

conventional grid search approach to threshold
search, this study proposes threshold
identification through a parameter structure
change approach. In this framework,
nonlinearity in the data is interpreted as the
result of changes in autoregressive parameters
at certain points. Thus, threshold determination
is no longer viewed solely as a problem of
finding a cut-off point, but rather as a problem
of simultaneous structural change selection.
This is the core of the proposed methodological
novelty.

Suppose the observation vector is defined as

T
Y= [yp+1'yp+21yp+3; ey yn] where p
denotes the autoregressive order. The threshold
variable is defined as Vg =

T
[Yp+1—d' Vp+2—dr» Yp+3—dr =++» yn—d] where d
represents the delay parameter determining, the
condition d < pensures that the threshold
variable is one of the lagged terms already
included in the autoregressive structure, thereby
maintaining internal consistency within the
model.

The first step is to sort the observations based
on the values of the threshold variable y;_,4
from smallest to largest. This sorting is used
only to identify candidate threshold values and
does not affect the original time ordering, which
is preserved for model estimation. The sorted
delay variable series is denoted as y,; =

T
[y(l), Y2y Y3y y(n)] where the symbol (.)



indicates the order after sorting. Next, the
original observations are rearranged according
to the order of the threshold variable to obtain

the arranged data Yy, =
T .

[Yy+ar Yy+d Y@y+ar = Yan+a - This

representation forms an arranged

autoregression, which is autoregressive data
that has been arranged according to the
magnitude of the threshold variable. Through
this sorting, the SETAR model can be
reformulated as a structural change model,
where regime changes are represented as
parameter changes at certain indices in the
sorted data. Under this framework, the ordering
based on the threshold variable ensures a well-
defined partition of the sample, leading to a
unique solution for the threshold estimation
given the set of candidate values.

Next, the model parameters are reparameterized
to facilitate the process of identifying changes
in the parameter structure. To represent these
parameter changes as a form of nonlinearity
that can be captured by the gLASSO penalty,
cumulative reparameterization of the model
parameters is performed. These cumulative

parameters are defined  as: Yo =

T .
[y{l),y(Tz), ...,y{N)] , where i = 1,...,N. The

parameter ¥ ;) can be written as:

oD fori=1
Yo = Ut — o) = 0, fori = ti=2andj=1,..,m
Ut — pU) = 0, for ief2, ..., N)\{t1, ..., t}

Thus, non-zero parameter blocks indicate a
change in the parameter structure, while zero
blocks indicate no change in regime. This
formulation makes the threshold estimation
problem equivalent to the problem of selecting
a group of parameters that represent a change in
structure.

Based on the above reparameterization, the
model can be written in high-dimensional
regression form as:

y. =X,y +¢&, )

where X* denotes the design matrix of the
arranged autoregression results, y denotes the
cumulative change parameter, and &, is the
error after sorting.

Parameter estimation is performed through
penalized least squares with gLASSO penalty
as:

@) =<lly. - X3+ 4, Ty,
(10)

The parameter A; > 0 is a regularization
parameter that controls the degree of shrinkage
to the blocks of change parameters. The
estimator is obtained through:

7 = arg min /() an

This formulation has two important roles
simultaneously. First, it estimates the model
parameters. Second, it selects significant
change points. Each candidate threshold i is
associated with a group of change parameters
Y (i) If the corresponding group shrinks to zero,
then point i is not considered a relevant
threshold. Conversely, if y(;) # 0, then the
point is interpreted as a candidate for regime
change. Through this mechanism, thresholds
and nonlinearities are detected simultaneously.

Parameter optimization in the SETAR model
with gLASSO penalty is based on minimizing
the objective function as:

f@) =31y, =Xyl + 4 Zlvol, (12)

which is blockwise convex, but not fully
differentiable due to the presence of the [,
group norm penalty. Therefore, optimization is
performed  using the Majorization—
Minimization (MM) approach so that each
block parameter update has a closed form.

At r-iteration, the parameter value y ™ is given.
For block j, the smallest quadratic part of the
objective function is approximated by a second-
order Taylor expansion around y ™:
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where H denotes the Hessian matrix of the loss

component without penalty. For block j, the
Hessian is given by:

a21l(y) 2 N T
— == X)X 14
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To construct a valid quadratic majorizer, a step-

. . 1
size parameter § > 0 is chosen such that EI =

0 < 8 S Amax(H).
Under this condition, the following quadratic

upper bound is obtained:

H, or equivalently,

() S1GD) + @ =y TVIED) +
y =y 13 (15)

The construction of the majorizer function is
based on this upper bound.

The following assumptions are established to
ensure the consistency and asymptotic validity
of the MM-gLLASSO-SETAR estimator:

Assumptions.

H1: The process {y.} is stationary and ergodic,
ensuring sample averages converge to their
expected values.

H2: Errors {&;} are assumed to be independent
and identically distributed (i.i.d.) with zero
mean, E(g;) = 0 and finite variance, E(g?) =
02 < oo, to control stochastic noise.

H3: The design matrix satisfies eigenvalue

bounds, 0 < Cmin < Amin (%XTX) <

1 .
Amax (E XTX) < Cmax < ©, ensuring model

identifiability.

H4: The penalty parameter satisfies A = 2(p +

Dy /IO%N, co >0, balancing model

complexity and estimation precision as N
increases.

H5: A minimum distance exists between true
thresholds, | T]-O - 7”]-0_1 |> &, allowing distinct

regime separation.

These assumptions provide the necessary
conditions for the convergence of the
Majorization-Minimization (MM) framework,
as detailed in the following lemmas.

Lemma 1. Majorizer Function

Under assumptions H1 to HS5, for each
parameter block yjy, the majorizer function is
defined as:

2
Q(Y(j)h’g;) = i ||Y<j) - aEB ||2 + vl

) _ @

The gradient of block j is given:

Vygfl(y(r)) = _%Z?’:j X (Yw+a —
X Zi=1 ¥y) + Ayl (17)

The majorizer function above satisfies twvo MM
conditions, namely limiting the original
function from above and intersecting with the
original function at the current iteration point.
Thus, minimizing Q () will result in a decrease
in the objective function value at each iteration.
Proof of this Lemma 1 is provided in B.1,
Appendix.

Lemma 2. Closed-Form Solution

Under assumptions H1 to H5, the minimization
subproblem for block j can be written as:

~(r+1) (1 @) 42

. =arg min =l yn — a5 15+ 641 1l
V(]) g Yo {2 y(]) () "2 1
Yoy I} (18)

This problem has a closed-form solution in the
form of a soft-thresholding group operator as:

~(r+1) - ™
Toy =1 lall, +a(j) (1)

where (1), = max (u, 0).



Equivalently,

54 (ORI )
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0, if I al) o< 64,

)}
(20)

This result in Equation (20) shows that blocks
with small norms will be immediately reduced
to zero, while blocks with large norms are
retained after being reduced proportionally.
Therefore, the group selection, threshold
detection, and nonlinearity identification
processes occur simultaneously in the
optimization iteration. Proof of this Lemma 2 is
provided in B.2, Appendix.

4. Simulation Results

The simulation study is designed to evaluate the
performance of the proposed MM-gLASSO-
SETAR approach in controlled nonlinear
settings. For each scenario, the estimation
procedure involves two steps. First, threshold
screening using gL ASSO to identify potential
regime splits. Second, the model refinement
using Backward Elimination Algorithm (BEA)
guided by the Bayesian Information Criterion
(BIC). The BEA is a stepwise procedure that
iteratively removes insignificant thresholds
from the model [28], while the BIC evaluates
model quality by balancing goodness-of-fit and
model complexity through a penalty on the
number of parameters [29]. The detailed
simulation  procedure, including  data
generation, threshold estimation, refinement,
and forecasting steps, is provided in Table Al,
Appendix.

Synthetic time series data are generated from a
two-regime SETAR model with threshold-
driven dynamics in Equation:

1 1 1 .
_ §)+ 2 1()3’t—1+5t().1f)’t—dST

Ve = 2 2 2) .
é )+ 221 z( ))’t—z + €t( ).lf)’t—d >r

(23)

h . :
where qbl( ) are autoregressive parameters in

regime h, d is the threshold lag, r is the

threshold value, p; =p, =p3;=p and
et(h)~N (0,02). Two scenarios are considered,
each representing different nonlinear structures,
ranging from strong regime contrasts to subtle

threshold effects. The first scenario:
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Figure 1. Time Series Plot Scenario 1
The second scenario:
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Figure 2. Time Series Plot Scenario 2

The results of the parameter recovery analysis
are summarized in Table 1 and Table 2. The
proposed method demonstrates high precision
in identifying the regime-specific AR
coefficients.



Table 1. Simulation Studies GL-MM-SETAR (n=200)

Scenario 1
Model ~ Regimel oM =3 ¢M =060 ¢ =-025 ¢ =035 ¢V =-020
SETAR  Mean 3.9945 02721 -0.3036 0.3062 -0.1497
Bias 0.9945  0.3279 0.0535 0.0437 0.0503
Cl-lower 3.7941  0.2026 -0.3252 0.2869 -0.1786
CL-higher 4.1950  0.3415 -0.3820 0.3256 -0.1208
MM- Mean 32226 0.5978 -0.2609 0.3262 -0.2203
gLASSO- Bias 0.2226  0.0022 0.0110 0.0238 0.0203
SETAR  Cl-lower 3.0532  0.5632 -0.2802 0.3076 -0.2409
Cl-higher 33919  0.6324 -0.2417 0.3449 -0.1998
Model ~ Regime2 4@ -7 ¢® 030 ¢ =—-040 ¢ =025 ¢ =020
SETAR  Mean 29781  0.1581 -0.3825 0.2599 0.1483
Bias 0.9781  0.1419 0.0175 0.0099 0.0516
Cl-lower  2.5914  0.0987 -0.4062 0.2358 0.1225
CL-higher 3.3648 02175 -0.3587 0.2841 0.1742
MM- Mean 19043 0.3273 -0.4078 0.2512 0.1916
gLASSO- Bias 0.0956  0.0273 0.0078 0.0012 0.0084
SETAR  CI-lower 1.7035  0.2972 -0.4272 0.2303 0.1743
Cl-higher 21052 0.3575 -0.3884 0.2721 0.2088
Scenario 2
Model ~ Regimel M =3 ¢M =065 ¥ =-030 ¢ =035 ¢V =-0.20
SETAR  Mean 2.8965  0.6110 -0.2844 0.2479 -0.0261
Bias 0.1035  0.0390 0.0156 0.1021 0.1739
Cl-lower  2.6053  0.5603 -0.3039 0.2160 -0.0568
Cl-higher  3.1877  0.6616 -0.2649 0.2797 0.0047
MM- Mean 32220 0.5766 -0.2969 0.2439 -0.0721
gLASSO- Bias 0.2220  0.0734 0.0031 0.1061 0.1278
SETAR  Cl-lower 2.8437 05147 -0.3193 0.2016 -0.1069
Cl-higher  3.6004  0.6384 -0.2745 0.2862 -0.0374
Model ~ Regime2 @ =3 ¢® =040 ¢ =-025 ¢P =020 ¢ =015
SETAR  Mean 53764 -0.2061 -0.3024 0.1926 0.2338
Bias 23764 0.6061 0.0524 0.0073 0.0838
Cl-lower 17013 -0.9570 -0.3582 0.1451 0.1809
Cl-higher  9.0514  0.5449 -0.2467 0.2402 0.2867
MM- Mean 23747 0.4410 -0.2814 0.2012 0.1818
gLASSO- Bias 0.6253  0.0410 0.0314 0.0012 0.0318
SETAR  Cl-lower 0.6385  0.0631 -0.3241 0.1628 0.1368
Cl-higher 4.1109  0.8190 -0.2388 0.2396 0.2269
Model ~ Regime3 & =3 & =020 ¢ =-050 ¢ =010 ¢ =030
SETAR  Mean 3.0855 02333 -0.5208 0.0794 0.2709
Bias 0.0855  0.0333 0.0208 0.0205 0.0291
Cl-lower  2.6229  0.1792 -0.5524 0.0586 0.2444
Cl-higher 3.5481  0.2873 -0.4893 0.1102 0.2973
MM- Mean 3.0573 02267 -0.5018 0.0782 0.2720
gLASSO- Bias 0.0573  0.0267 0.0018 0.0218 0.0280
SETAR  Cl-lower 2.6398  0.1776 -0.5304 0.0602 0.2475
Cl-higher 34749  0.2758 -0.4732 0.0961 0.2964




Table 2. Simulation Studies GL-MM-SETAR (n=2000)

Scenario 1
Model ~ Regimel oM =3 ¢M =060 ¢ =-025 ¢ =035 ¢V =-020
SETAR  Mean 29874 0.6042 -0.2491 0.3495 -0.2001
Bias 0.0126  0.0042 0.0008 0.0005 0.0001
Cl-lower  2.9397  0.5951 -0.2543 0.3444 -0.2057
CL-higher 3.0351  0.6132 -0.2440 0.3546 -0.1945
MM- Mean 3.0026  0.5978 -0.2492 0.3492 -0.1997
gLASSO- Bias 0.0026  0.0022 0.0008 0.0007 0.0003
SETAR  Cl-lower 29558  0.5887 -0.2543 0.3442 -0.2053
Cl-higher  3.0439  0.6070 -0.2440 0.3543 -0.1941
Model ~ Regime2 4@ -7 ¢® 030 ¢ =—-040 ¢ =025 ¢ =020
SETAR  Mean 1.9609  0.3057 -0.3961 0.2510 0.1988
Bias 0.0391  0.0057 0.0040 0.0010 0.0012
Cl-lower 19033  0.2975 -0.4010 0.2459 0.1937
CL-higher 2.0185 03139 -0.3912 0.2562 0.2039
MM- Mean 2.0061  0.2983 -0.3960 0.2510 0.1979
gLASSO- Bias 0.0061  0.0017 0.0040 0.0010 0.0021
SETAR  Cl-lower 1.9472  0.2898 -0.4010 0.2459 0.1929
Cl-higher 2.0651  0.3068 203910 0.2561 0.2029
Scenario 2
Model ~ Regimel M =3 ¢M =065 ¥ =-030 ¢ =035 ¢V =-0.20
SETAR  Mean 2.9864  0.6689 -0.2931 0.3349 -0.1603
Bias 0.1355  0.0189 0.0069 0.0151 0.0397
Cl-lower 27524  0.6512 203016 0.3231 -0.1730
Cl-higher 29765  0.6866 -0.2846 0.3467 -0.1477
MM- Mean 2.8698  0.6644 -0.2921 0.3369 -0.1643
gLASSO- Bias 01302 0.0144 0.0079 0.0131 0.0357
SETAR  Cl-lower 27596  0.6471 -0.2538 0.3242 -0.1764
Cl-higher 29800  0.6817 -0.2446 0.3487 -0.1522
Model ~ Regime2 @ =3 ¢® =040 ¢ =-025 ¢P =020 ¢ =015
SETAR  Mean 3.0406  0.3857 -0.2509 0.1976 0.1548
Bias 0.0406  0.0142 0.0009 0.0023 0.0048
Cl-lower 29525 03679 -0.2583 0.1906 0.1471
Cl-higher 2.1287  0.4035 -0.2434 0.2047 0.1626
MM- Mean 3.0142 03923 -0.24920 0.2014 0.1525
gLASSO- Bias 0.0142  0.0077 0.0008 0.0014 0.0025
SETAR  Cl-lower 29427 03796 -0.2538 0.1960 0.1471
Cl-higher  3.0856  0.4049 -0.2446 0.2068 0.1580
Model ~ Regime3 & =3 ¢ =020 ¢ =-050 ¢ =010 ¢ =030
SETAR  Mean 29769  0.1994 -0.4954 0.1010 0.3022
Bias 0.0231  0.0006 0.0045 0.0010 0.0022
Cl-lower  2.8915  0.1890 -0.5034 0.0953 0.2961
Cl-higher  3.0618  0.2098 -0.4874 0.1068 0.3084
MM- Mean 29567 0.2026 -0.4955 0.1002 0.3029
gLASSO- Bias 0.0432  0.0026 0.0044 0.0002 0.0029
SETAR  Cl-lower  2.8685  0.1919 -0.5037 0.0944 0.2965
Cl-higher  3.0450  0.2133 -0.4874 0.1061 0.3093




The simulation results indicate that MM-
gL ASSO-SETAR performs better than the
standard SETAR model. For n = 200, the
proposed method gives estimates that are closer
to the true parameter values in most regimes.
This can be seen from the smaller bias values,
especially for the intercept and autoregressive
parameters in Scenario 1 and Scenario 2. In
Scenario 2, Regime 2, SETAR shows a large

estimation error for ¢(§2)and ¢1(2)’ while MM-
gL ASSO-SETAR  reduces these errors
considerably. This suggests that the penalized
approach is more stable when the model
involves a more complex regime structure and
limited observations.

For n = 2000, the estimates from both
methods become much closer to the true values,
showing that a larger sample improves
estimation accuracy. The confidence intervals
are also generally narrower, indicating higher
precision. Although the difference between the
two methods becomes smaller as the sample
size increases, MM-gLASSO-SETAR still
gives competitive results and often produces
lower bias for several parameters.

Table 3. Estimated Threshold and Lag Order

particularly for MM-gLASSO-SETAR, where
the second threshold reaches 5.00 at n = 2000.
The selected lag order p is also more consistent
in the larger sample. These findings indicate
that the proposed method has better stability in
identifying threshold points.

Table 4. Predictive Accuracy (RMSE)

Model RMSE
Scenario 1 Scenario 2
200 2000 200 2000
SETAR 1.31 1.00 1.01 0.97
MM- 1.21  0.99 0.99 0.96
gL ASSO-
SETAR

Table 4 presents the predictive accuracy of the
SETAR and MM-gLASSO-SETAR models
based on RMSE values. The MM-gLASSO-
SETAR produces slightly lower RMSE than
SETAR in both scenarios and for both sample
sizes, indicating better predictive performance.
In Scenario 1, the RMSE decreases from 1.31
to 1.00 for SETAR and from 1.21 to 0.99 for
MM-gLASSO-SETAR as the sample size
increases fromn = 200 ton = 2000. A similar
pattern is observed in Scenario 2, where MM-
gLASSO-SETAR also gives the smallest

Scenario Parameter SETAR MM-
gL ASSO-
SETAR

RMSE values, namely 0.99 for n = 200 and
0.96 for n = 2000. These results suggest that
increasing the sample size improves forecasting

200 2000 200 2000

accuracy, while the proposed MM-glLASSO-

SETAR model provides more accurate

predictions than the standard SETAR model.

Figures 1-4 present the residual plots, defined

1 7 429 399 4.00 4.00
p 8 4 4 4

2 i 425 315 376 3.2
i 519 501 513 5.00
p 3 4 3 4

as the difference between actual and predicted

The threshold results show that MM-gLASSO-
SETAR provides more stable threshold
estimation than the standard SETAR model. In
Scenario 1, MM-gLASSO-SETAR correctly
estimates 7 = 4.00 for both n = 200 and n =
2000, while SETAR improves from 4.29 to
3.99 as the sample size increases. In Scenario 2,
the estimated thresholds also become closer to
the expected values when n increases,

values. These plots are used to evaluate whether
the fitted models leave any systematic pattern
in the residuals. A good predictive model is
expected to produce residuals that fluctuate
randomly around zero. Therefore, the residual
plots support the RMSE results by providing a
visual assessment of model adequacy across
different scenarios and sample sizes.
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Figure 4. ACF Plot of Residuals

The diagnostic evaluation of the model
residuals show that the models fit well. The
residual and ACF plots reveal random
fluctuations around a zero mean with no
significant serial correlation. The Ljung-Box
test (¥? =8.0368, df = 10,p — value =
0.6252) statistically validates this, strongly
supporting the null hypothesis of independence.



Consequently, the residuals exhibit white noise,
confirming that the model has successfully
captured all systematic patterns underlying the
data.

5. Application Results

In addition to simulation, the proposed method
is applied to real-world air quality data,
specifically daily average PM, s concentrations
in Jakarta, Indonesia. The PM, s time series is
nonlinear, as evidenced by the Terasvirta neural
network test [9], which strongly rejects the null
hypothesis of linearity (¥? = 33.153,p —
value < 0.001). The Ruey S. Tsay test [47]
also rejects linearity, with a test statistic of
2453 and a p—value of 7.987 x 1077,
indicating the presence of threshold-type
nonlinear dynamics. This makes the data
highly suitable for SETAR-type modelling.

Prior to model estimation, several
preprocessing steps are performed. Missing
values are handled using linear interpolation,
and a logarithmic transformation is applied to
stabilize the variance. The lag order is then
selected using the Akaike Information Criterion
(AIC), which determines the optimal
autoregressive order by balancing model fit and

complexity.

The MM-gLLASSO-based SETAR framework
was applied to detect thresholds and estimate
autoregressive parameters following the two-
stage estimation procedure described earlier,
which combines gL ASSO-based screening and
BEA refinement guided by BIC. A rolling-
origin evaluation was used to assess out-of-
sample forecasting accuracy. Forecasts from the
proposed model were compared against
conventional SETAR and benchmark ARIMA
models. Model performance is evaluated using
two evaluation metrics. First, the Root Mean
Squared Error (RMSE), which measures the
average magnitude of forecast errors:

RMSE = \/% le(yt —9,)? 21

where y; denotes predicted value at time t.

Second, the Mean Absolute Percentage Error
(MAPE), which provides a scale-independent
measure of relative forecast accuracy.

100% wn
t=1

Y=
Yt

MAPE =

(22)

n

The detailed implementation of the forecasting
procedure, including preprocessing, model
estimation, rolling-origin forecasting, and
performance comparison, is provided in Table
A2, Appendix.

The best model was obtained atp = 8 and d =
3. The estimated threshold value on the log
scale was 4.043, which corresponds to
approximately 57 on the original scale, serves
as a critical transition point for PM, s dynamics.
Statistically, this value divides the time series
into two regimes: 'low-to-moderate
concentration' and 'high concentration." From
an environmental perspective, this threshold
aligns with the transition from "moderate" to
"unhealthy" air quality levels according to
national standards. Once PM s levels exceed 57
ug/m?, the pollutant exhibits distinct stochastic
behavior, most likely characterized by higher
persistence or a different dispersion rate,
compared to periods of lower concentration.

The estimated SETAR model can therefore be
written as follows:

Ye
1.1+ O.36yt_1 + 0-1)’t—2 +

0.002y;_3 + 0.08y,_4 + 0.08y,_5 + ,if y,_s < 4.043

0.01y,_g + 0.03y,_, + 0.06y;_g
0.56 + 0.53y,_, + 0.11y,_, +

0.03y;_3 + +0.03y,_s — 0.004y,_s + ,ify, 5 > 4.043

0'04yt—6 + 0'031yt—7 + O.lyt_g

where y; denotes the logarithm of PMoss
concentration at time t.

The first regime applies when the lagged log-
PM, s concentration is less than or equal to
4.043, while the second regime applies when it
exceeds that threshold.

The in-sample performance of both the
conventional SETAR and SETAR-GLASSO
models, covering the period from 2021 to early
2025, is presented in Figure 5.
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Figure 5. Actual vs Predicted PM, s in-sample

The in-sample results suggest that the model
can capture the general trend of the PM, 5 series
effectively. The predicted values align with the
observed data, particularly during periods of
sustained pollution. At the same time, however,
the model tends to smooth out some of the sharp
spikes that occur. This can be seen at several
high peaks, where the modelled values do not
reach the observed levels fully. The model
captures the underlying regime structure rather
than short-term irregular shocks. The fit of this
model suggests that the primary nonlinear
dynamics of the series are well represented. The
residual diagnostics presented in Figures 6 and
7 provide further validation of these findings.
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Figure 6. Residual Plots of SETAR and MM-
gLASSO-SETAR
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Figure 7. ACF Plots of SETAR and MM-
gLASSO-SETAR

To wvalidate the model's goodness of fit, a
residual analysis was conducted using a
combination of visual analysis and formal
statistical testing. The results of the Ljung—Box
test indicate that the conventional SETAR
exhibits significant
autocorrelation, with a p value of 0.0013 (2 =
28.87), implying that the model fails to capture
all of the underlying dynamics contained within
the data. In contrast, the MM-gLASSO-SETAR
model

model residual

demonstrates  superior diagnostic



performance, with a p-value of 0.9764 (x? =
3.20). In this case, the null hypothesis regarding
white noise residuals cannot be rejected.

These statistical findings are consistent with the
visual diagnostics presented in Figures 6 and 7.
The residual plots show that the conventional
SETAR model has higher fluctuations and is
less stable than the MM-gLASSO-SETAR
model, where the residuals are distributed more
randomly around the zero line with no obvious
systematic patterns. Furthermore, the ACF plot
for the conventional SETAR model exhibits
several lags extending beyond the confidence
intervals, suggesting persistence of temporal
dependence, whereas the ACF plot for the MM-
gLASSO-SETAR model shows that almost all
lags remain within the confidence intervals.
These diagnostics confirm that integrating the
gL ASSO penalty with the MM algorithm
successfully yields a model that is more
adequate and efficient at capturing the
nonlinear dynamics of PM»s concentrations.
The out-of-sample results for both the
conventional SETAR and SETAR-GLASSO
models are presented in Figure 8.
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Figure 8. Out-of-sample and 7-day Forecast of
PMz s

Figure 8 illustrates the forecasting performance
over the out-of-sample period and a seven-day
forecast horizon. The results indicate that both
the conventional SETAR and MM-gLASSO
SETAR models are able to capture the overall
dynamics of PM» s concentrations well. During
the out-of-sample period, the MM-gLASSO
SETAR model closely follows the observed
fluctuations, including the sharp decline in
carly November and subsequent variations
toward the end of the month, although minor
delays remain in responding to abrupt changes.

Over the forecast horizon represented by the
vertical dashed line, the MM-gLASSO SETAR
model produces a more stable prediction than
the conventional SETAR model, which appears
more sensitive to short-term noise. While both
models struggle to fully capture extreme spikes,
the proposed approach maintains a trend that
more closely reflects the general movement of
the observed data.

To further evaluate the predictive performance
of the proposed model, we compare the MM-
gLASSO-SETAR approach with conventional
SETAR. The comparison is conducted using
both in-sample and out-of-sample forecasting
errors measured by RMSE and MAPE. The
results are reported in Table 5.

Table 5. Predictive Accuracy

SETAR MM-

gLLASSO-

SETAR

RMSE In- 0.2224 0.2147
sample

Out-of- 0.1588 0.1584
sample

MAPE In- 3.9080 3.8580
sample

Out-of-  2.8658 2.8438
sample

Table 5 summarizes the predictive performance
of these models by comparing the proposed
MM-gLASSO-SETAR  model with the
conventional SETAR benchmark. The results
demonstrate that the proposed model
outperforms the standard SETAR model
consistently across all evaluated metrics. The
MM-gLASSO-SETAR model achieved out-of-
sample RMSE and MAPE values that were
substantially lower than the SETAR model.
Integrating the gL ASSO penalty via the MM
algorithm effectively refined the model by
selecting relevant thresholds and controlling
overfitting, thereby yielding more robust and
reliable forecasts of PM,s concentrations in
Jakarta. These results confirm that the proposed
methodology is highly effective for modeling
complex, regime-dependent environmental
time series.



6. Conclusion

This study introduces a robust estimation
framework for SETAR models by integrating
the MM-gLASSO algorithm. The proposed
approach  addresses  the  long-standing
challenges of threshold detection and parameter
estimation in nonlinear time series analysis,
specifically the computational inefficiencies of
exhaustive grid-search methods. Simulation
experiments  across multiple  scenarios
demonstrate that the MM-gLASSO framework
reliably recovers true parameter values and
identifies regime-switching thresholds with
high precision, even at a moderate sample size
of n = 200. The consistent decline in RMSE as
the sample size increases to n = 2000
empirically ~ confirms  the  asymptotic
consistency of the estimator. A key contribution
of this work is the application of the gLASSO
penalty, which effectively regulates model
complexity by suppressing uninformative
threshold candidates while preserving the
structural integrity of the regimes. This balance
between parsimony and predictive accuracy is
vital in mitigating overfitting, a common issue
in high-dimensional nonlinear modeling.

Furthermore, the implementation of the MM
algorithm as an optimization engine ensures
stable convergence and significant reductions
in computational time. The empirical
application to PM,s air quality data in DKI
Jakarta validates the practical relevance of the
method, demonstrating its ability to capture
regime transitions driven by meteorological
factors.  Overall, the GL-MM-SETAR
framework offers a statistically principled and
computationally  efficient alternative for
modeling time series data characterized by
abrupt structural breaks.
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Appendix A. Pseudocode

A.1. MM-gLASSO-SETAR (Simulation)

MM-gLASSO-SETAR (Simulation)
ALGORITHM

SETAR Simulation Procedure
INPUT:

n // Sample size

R // Number of replications
True Params // SETAR
parameters: thresholds, AR

coefficients, delay

p // Number of lags

d // Delay
OUTPUT:

Results Storage // Estimated
thresholds, AR parameters,
RMSE, MAPE
BEGIN

Initialize Results Storage

FOR r = 1 TO R DO

// 1. Generate time series
data from true SETAR process
TimeSeries Data =
Generate SETAR Data (n,
True Params, p, d)
// 2. Estimate candidate
thresholds using MM-gLASSO
Initial Thresholds =
MM GL SETAR Estimation (

TimeSeries Data, p, d,
delta grid, min obs grid,
lambda grid

)

// 3. Refine thresholds
using BEA with BIC

Refined Thresholds =
Refine Thresholds BEA BIC(
TimeSeries Data, p, d,
Initial Thresholds, c E
) H

// 4. Estimate regime-
specific AR parameters

Regime Models =

Estimate AR Parameters (TimeSe




MM-gLLASSO-SETAR (Simulation)

ries Data,
Refined Thresholds, p, d)

// 5. Forecast values based
on estimated regimes

Predicted Values =
Forecast (TimeSeries Data,
Regime Models,
Refined Thresholds, p, d)

// 6. Compute performance
metrics

RMSE =
Calculate RMSE (Predicted Valu
es, TimeSeries Data)

// 7. Store results

Save to Storage(r,
Refined Thresholds,
Regime Models, RMSE, MAPE)

ENDFOR
OUTPUT Results Storage

END

MM-gLASSO-SETAR (Real Data)

A.2 MM-Glasso SETAR (Real Data)

MM-gL.ASSO-SETAR (Real Data)

ALGORITHM
PM25 Forecast With Benchmarks
INPUT:

PM25 Daily Data

H //Maximum forecast horizon

Max Lag // Maximum lag order

Candidate Models = {AR, DES,
STAR, SETAR, SETAR GL}

OUTPUT :

Comparison Report

Estimated Thresholds

Regime Interpretation
BEGIN

// 1. Data preprocessing

Clean Data =
Handle Missing Values (PM25 Da
ily Data, method =
"interpolation")

Log Data =
Log Transformation (Clean Data
)

// 2. Model specification

Optimal Lag =
Select Lag Order AIC(Log Data
, max lag = Max Lag)

Candidate Thresholds =
Define Threshold Grid(Log Dat
a, percentiles = [15, 85])

// 3. Estimate benchmark and
nonlinear models

Model [AR] = Estimate AR
(Log Data, lag = Optimal Lag)
Model [DES] =

Estimate DES (Log Data)

Model [STAR]= Estimate STAR
(Log Data, lag=Optimal Lag, thr
esholds=Candidate Thresholds)

Model [SETAR]=Estimate SETAR
(Log Data, lag=Optimal Lag, thr
esholds=Candidate Thresholds)

Model [SETAR gLASSO] =
Estimate SETAR gLASSO (Log Dat
a,lag= Optimal Lag, thresholds
= Candidate Thresholds)

// 4.
forecasting and evaluation
FOR each model m IN
Candidate Models DO
FOR h = 1 TO H DO
Forecast [m,

Rolling-origin

h] =
Rolling Origin Forecast (Log D
ata, Model[m], h)

RMSE [m, h] =
Calculate RMSE (Actual Values]|
h], Forecast[m, h])

MAPE [m, h] =
Calculate MAPE (Actual Values]|
h], Forecast[m, h])

ENDFOR

ENDFOR

// 5. Compare forecasting
performance

Comparison Report =
Compare Performance (RMSE,
MAPE)

// 6. Return main results

Estimated Thresholds =
Extract Thresholds (Model [SETA
R], Model [SETAR GL])




MM-gLASSO-SETAR (Real Data)

Regime Interpretation =
Interpret Regimes (Model [SETAR
1, Model [SETAR GL])

RETURN Comparison Report,
Estimated Thresholds,
Regime Interpretation
END

Appendix B. Proofs of Lemma
B.1 Proof of Lemma 1 (Majorizer Function)

Consider the smooth part of the objective
function

1 2
l(y) = N Iy — Xy ll5.

At iteration r, fix all blocks except Yy ;). By

second-order Taylor expansion at (y ™), we
obtain

Q)
L) LD+ Wiy = V() ey L)
1
™ 2
+ 25 | Yy — Yr(h %,

where § > 0 is chosen such that %I upper-
bounds the block Hessian.

Adding the group LASSO penalty yields the
surrogate function

QW | Vaeh) = L) + ()

1
- Y;%’))ng('r) + 58

é
I Vr(y = V,Eg) 15+ 24
[ Yr() ll2,
where
g](.r) = Yy LY.
Define

@ _ . s @
An(iy = Ya(j) ~ 095 -

By completing the square,

% I Yriy — aiey 13= %
I Vriy = Yoy 12
+ g]('r)T(Vrr(j) - V,%) +C,
where C is a constant independent of y;y.

Thus, ignoring constants, the majorizer
reduces to

1
N — ™ 2
Q(Vn(j) | Vn(j)) =25 | Yy — Ar i Iz+ 24
| V(s N2
This function satisfies:

1. Upper-bound condition: Q(y) = f(y),

2. Touching condition: Q(y ™) =
fFar™).

Hence, Q(+) is a valid MM majorizer.

B.2 Proof of Lemma 2 (Closed-form
Solution)

Consider the minimization subproblem

min {3 I Vg = a0y 13+ 82 1 Vg Mo

Vg (2 o)
This is the proximal operator of the £,-norm:

™
ProXs; 11, (i)
Optimality condition
The subgradient optimality condition is
0 € Yy — a2 + 8210 1| Vg |
Yr() = A 10 1 ¥r(y l2:

Case 1: ypy #0
Then

Yn(j)

and the optimality condition becomes

) Yr)  _
Yu() = Ga(y T 0A1y e T2

)

This implies that Ya( j)is colinear with Ay

1.€.



Yr() = Ca;?)j~),C > 0.

Substituting gives

51y

XN

c=1-—

This solution is valid only if

Il aSdy ;> 82,

Case 2: ypjy =0

The subgradient condition becomes

Il aSly 1< 824,

which ensures optimality at zero.

Final solution

Combining both cases yields the group soft-
thresholding operator:

~(r+1) M )

Voo =l 1-—— a ./,

(J) I a(r) "2 7(J)
+

7(J)

where (1), = max (u, 0).
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